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Origin and purpose of these notes

These notes originally began as a way for me to organize all the material I needed to
know for my comprehensive exam into one place. The process of making it was a good way
to study and locate parts of the material I needed to study better, and once made it served
as a useful reference.

Now, my goal is that they will be useful to other people as a source of exposition and a
way to learn. To that end, I have tried to add commentary and background where it was
previously left out. However, my goal is not to be thorough in every detail. I have often
left out proofs where my primary sources have one, especially if I think the proof is not that
interesting or necesary to understand. When a proof is omitted, I refer to another source if
I know of one.

My goal is never to be concise or terse. While it is admirable to avoid being wordy,
too often mathematical texts swing far the other way and leave out too many details or
explanations. At the risk of being wordy or repetitive, I try to be as explicit and verbose
as possible in any details I deem important. It is less frustrating for a reader to skip over
material they already understand than to spend hours of time trying to work through an
“exercise for the reader” for every example.

Another goal is that these notes be thoroughly internally cross-referenced. Since LaTex
so conveniently allows me to link and reference other parts of the document, I take advantage
of this wherever possible.

Note on the author: 1 am a graduate student at Michigan State University. I take sole
responsibility for any errors in this material. If you have questions or corrections, feel free
to contact me by email at ruiterj2@msu.edu.

Overview of content

These notes serve primarily as an introduction to group cohomology, and then one of the
main applications, which is to the Brauer group of a field. The early material on homological
algebra and galois theory for infinite extensions is just background, and could reasonably be
skipped or skimmed and looked up later as needed.

The primary source for most of the group cohomology material is Sharifi’s notes [15]. If
the reader really just wants to learn group cohomology, that is also a good way to learn,
possibly better than reading these notes. The primary source for material on Brauer groups
is Rapinchuk’s notes [12], and the main source for algebraic K-theory is Milnor’s book [10].
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Chapter 1

Some homological algebra and category
theory

In this section, we cover various background material for the more category-theoretic aspects
of group cohomology. The main tools developed here to be used for group cohomology are
the snake lemma (Proposition , and the long exact sequence on homology induced by
a short exact sequence of chain complexes (Proposition .

We do not give full background on abelian categories, or derived functors, or even just
the Ext functor. Weibel [?] is the standard source for this sort of thing, or see Dummit
and Foote [3] for a less category-theoretic approach to defining Ext. We do freely use the
language of abelian categories on occasion, but also attempt to give thorough element-wise
arguments when possible.

1.1 Snake lemma

We begin with a very pedestrian lemma about kernels and cokernels.
Lemma 1.1.1. Let R be a ring, and suppose we have a commutative square of R-modules

A%B

[l
AL p
Then the natural maps

flxera : kera — kerd x— f(z)

and

f":cokera — cokerb ' — f'(a

~—



are well defined, and the following diagram commutes.

ker a M ker b

a b
~ ~

a—L L p

v v

coker a % coker b

Proof. For the first, we just have to show that if € kera, then f(z) € kerb.

re€kera = a(x) =0 = 0= fla(z) =bf(z) =0 = f(z) € kerd

For the second, we need to show that f’(2’) doesn’t depend on the representative 2’ € A" of
7' € cokera. Let ',y € A be representatives of 2/. Then 2’ — 3 € ima, so choose z € A
with a(z) = 2’ —y'. We need to show that f'(z') — f/'(y/) € im b, but this is clear because

fla(z) — fI(CC/ _y/) — f/(xl) _ f/(y/)
Hence f' is well defined. O]

While the previous construction was nice and concrete, the same result holds in the general
setting of an abelian category. In fact, the proof simpler and more interesting in this context.

Lemma 1.1.2. Let A be an abelian category, with a commutative square in A.

A%B

Then there are unique maps

kera — kerbd coker a — coker b

making the following diagram commute.

kera —— kerd

a b
A —r . p

~ ~

coker a —— cokerd
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Proof. Let ¢ : kera — A be the morphism associated to the kernel of a. By the universal
property of the kernel, there is a unique morphism kera — kerb making the following
diagram commute.

Let ¢ : B' — cokerb be the morphism associated to the cokernel of b. By the universal
property of the cokernel, there is a unique morphism coker a — coker b making the following

diagram commute.
A/

L

coker a —— A

gof’

coker b

We can also piece together a couple of squares of this type as in the next lemma.

Lemma 1.1.3. Suppose we have a commutative diagram of R-modules with exact rows.

AL B9, ¢

Lok

ANy N N

The natural maps ker a — ker b etc. make exact sequences

kera — kerb — kerc coker a — coker b — coker ¢

Proof. For the kernels, this is immediately obvious since ker a — ker b is just the restriction
of f. For cokernels, it is obvious from the description of f’ that ¢’ o f/ = 0. If 2/ € ker ¢/,
there is a lift 2’ € ker ¢’ = im f’, so there is y € A’ with f'(y) = 2/. Hence 7/@) = f'ly) =2/,
so ker ¢ € im f’, which proves exactness for the cokernel sequence as well. O

Proposition 1.1.4 (Snake lemma). Let R be a ring, and suppose we have the following
commutative diagram of R-modules with exact rows.

T ,p_9% ¢ s 0

A

0 voA Lo 9o

~
~

g



Then there is an R-module homomorphism § : ker ¢ — coker a making an exact sequence

P
kera s ker b s ker c ——— coker a —— coker b —— coker ¢

Furthermore, if the original diagram can be extended with exact rows to

0 » A B > C' > 0
[

0 s A’ s B’ s O s 0

the the exact sequence can be extended to

0 —s kera —» kerb —s kerc %5 cokera —> cokerb — cokerc — 0

Proof. Perhaps there should be a construction of the map ¢ which is more categorical in
nature, but the simplest way to construct it is by a diagram chase. Let z € kerc. By
surjectivity of B — C| there is a lift = € B, ¢g() = x. By commutativity,

g'b(z) = cg(x) = c(x) = 0

hence b(7) € kerg’ = im f’, so by exactness of the bottom row, b(z) € im f’, so there is
y € A" with f'(y) = b(). Define §(z) to be the class of y in cokera = A’/ima. That is,

d(z) = (f)71(b(@))

We need to check that 6(z) doesn’t depend on the lift . Let z, 2" be lifts of = € kerc. Let
y,y € A" with f'(y) = b(Z) and f'(y') = b(z"). (The elements y,y" are unique by injectivity
of f’.) We need to show y — ¢y’ € ima. Note that g(z — Z’) = 0, so by exactness of the top
row, there is z € A of so that f(z) =7 — 2. By commutativity,

bf(z) =2 — 2 =b(@) - b(&) = f'ly —v/) = fla(2)

Then by injectivity of f’, we conclude that a(z) =y — ¢/, hence y —y’ € ima. Thus ¢ is well
defined. The sequence is exact except possibly at ker ¢ and coker a by Lemma [1.1.3]

We first consider exactness at ker c. Let x € kerb. Then dg(z) is found by taking a lift of
g(x), for which we can choose x, then taking the image under b, which is zero since x € ker b,
then taking the class in coker a, so im g C ker .

For the reverse inclusion, suppose y € ker § C ker c. We choose a lift © € B with g(z) = v,
and since y € ker d, the class of b(y) in coker a is zero (we are identifying A’ with its image in
B’ since f’ is injective). That is, b(y) € ima, so there is z € A so that b(z) = f'a(z). Then

b(z) = fla(z) =bf(z2) = = — f(z) € kerd

and
glx = f(2)) =g(x) —gf(2) =y - 0=y



Thus z — f(z) € ker b maps to y under g, so y € img. Thus ker d C im g, and we have proven
exactness at ker c. Now we prove exactness at cokera. Let « € kerc, and let * € B be a lift
of z. Then

Fo@) =T ()7 (o(@)) ) = F(F)b(F) = b(@) = 0 € cokerb

Thus imé C ker f. For the reverse inclusion, suppose 7 € ker f/ C coker a with representa-
tive y € A’. Then -

fg=f'(y) =0 € cokerb = f'(y) € imb
Thus there is 7 € B so that b(z) = f'(y). Then 6(g(Z)) = ¥ basically by definition of 4.

Thus ker f/ C im 8, proving exactness at coker a.
The final remark about extending the exact sequences to zeros is mostly obvious. O]

The snake lemma is surprisingly useful. Our main application will be using it to obtain a
long exact sequence on the homology of a chain complex, in Proposition [I.3.1] But it also
comes up in defining cup products for group cohomology, for example.

1.2 Homology of chain complexes

Definition 1.2.1. A chain complex of R-modules is a sequence (C),)nez of R-modules
with R-module homomorphisms d,, : C,, — C,,_ such that d,_1d,, = 0 for all n € Z.

dn—2

dn dn—l
» Chmp —— Chmg ——

dnt1
> Cn

This may alternatively be written with indices ascending such as d,, : C}, — C,, 41 or drawn
with arrows going to the left, or the indices may be shifted so that d,,_, : C,, — C,,_1, but
these are not important distinctions.

This may also be defined in a general context of a abelian category or even just a category
with some notion of a zero map.

Remark 1.2.2. A chain complex generalizes the notion of an exact sequence. In an exact
sequence im = ker at each term, while a chain complex weakens this to im C ker.

Definition 1.2.3. Let C' = (C,,,d,) be a chain complex of R-modules. To each term C,, we
have associated submodules

Z, = kerd,, = n-cycles
B, = imd,,; = n-boundaries
H,=27,/B,

The submodule H,(C) = H, is the nth homology group of C. Depending on the context,
sometimes we add the prefix “co-” to all of these, making 7, cocycles, B,, coboundaries, H,
cohomology.

Usually “co” denotes reversing arrows in category theory, but since reversing arrows
doesn’t change any structurally for chain complexes, “cohomology of cochain complex" is
not meaningfully different than “homology of a chain complex” in a general context.
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Definition 1.2.4. Let (C,,d,) and (D,,d,) be chain complexes of R-modules. A chain
map between them is a sequence of R-module homomorphisms f, : C, — D, making the
following diagram commute.

dn41 d dn-1 dn—2
> O, —— Chq > O o
fn lfnfl lfn72
8n+1 On On-1 On—2
> D, sy D, 1 —— D,,_9y —

Remark 1.2.5. There is a category with objects being chain complexes over R and chain
maps for morphisms. There are various notations for this, common ones include Ch(R) and
Kom(R).

Ch(R) is an abelian category (no proof given here). Products, kernels, and cokernels are
all constructed by taking the product/kernel/cokernel at each term (again, no proof given
here). Thus the notion of exact sequences makes sense for chain complexes.

Lemma 1.2.6. Let A = (A,),B = (B,),C = (C,) be chain complezes of R-modules. A
sequence A — B — C' of chain complezes is exact if and only if each A, — B, — C, 1is
exact.

Proof. Omitted. n

If the concept of abelian category is foreign to the reader, they should just take the previous
lemma as a definition for when a sequence of chain complexes is exact.

Remark 1.2.7. (This is somewhere between a definition and theorem.) Let C = (C,,,d<), D =
(D, d?) be chain complexes and f = (f,.), f» : C;, = D,, be a chain map. Then f induces
maps N

H,(C) — H,(D) T fo(x)
These are called the induced maps on homology. We verify that this is well defined. Let
7 € H,(C) with representative r € Z,(C) = kerdS. Since f is a chain map, we have the

following commutative square.
dy;

c, —

I
d D

D, — D,

Cr1
fn—1
—1
Thus

dffn(l’) = fn—1d5<x> =0 = fulzr) € kerdr? = Zn(D)

so it makes sense to take the class of f,(z) in H,(D). If z,z' are both representatives of
T € H,(C), then x — 2’ € B,(C), hence there is y € C,1y with dS,(y) = z — 2. Using the
chain map property of f again,

fulw) — fn(x/) = falz) — fn(x/) = fulz — m/) = fnngrl(y) = dgﬂfnﬂ(y)

hence f,(z) — fn(2') lies in the image of d%,,, which is to say, it represents the zero class in
H, (D). Thus the induced map H,(C) — H,(D) is well defined.

11



1.3 Short exact sequence of complexes gives long exact
sequence of cohomology

Apologies for the weird letters W, X, Y in the next proposition. A, B, C were not allowed
due to possible confusion with boundaries B,, and similarly X,Y, Z would not work because
of possible confusion with coboundaries Z,,.

Proposition 1.3.1 (LES induced by SES of chain complexes). Let 0 = W — X - Y — 0
be a short exact sequence of chain complexes. Then there is a long exact sequence

o= H (W) = Hy(X) = H,(Y) > Hyoa(W) = Hy 1 (X) > Hy (YY) = Hyo(W) — -

where H,(W) — H,(X) — H,(Y) are the maps induced by the chain maps W — X =Y,
and the “connecting homomorphisms” H,(Y) — H,_1(W) come from the snake lemma.

Proof. We already have the maps H, (W) — H,(X) — H,(Y). We need to construct the
connecting homomorphisms H,(Y) — H,_1(W) so that everything is exact. To do this, we
apply the snake lemma to the following commutative diagram.

W,/B,(W) — X,,/B,(X) —— Y,,/B,(Y) —— 0

lﬁ l@ l@ (1.3.1)

0 —— Zp (W) —— Z, (X)) —— Z,1(Y)

The vertical arrows are induced by the boundary maps from the complexes, and the hor-
izontal maps are induced by the maps W — X — Y, and the rows are exact because
0—-W, — X, =Y, — 0is exact for all n.

We claim that the kernel of d% is exactly H,, (W), and the cokernel is H,,_,(W). As justifi-
cation for this, we just provide the commutative following diagram, where B, = B,(W), Z,, =
Z,(W), H,, = H,(W).

W
0 > Ly > W, Wy w1 ———» Wy /By ——— 0
| |7 I

00— %4,/B,=H, — W,/B, —— Zn1 —— Zy_1/Bp1=H,-1 —— 0

By the snake lemma applied to diagram [L.3.1} we have an exact sequence
H,(W)— H,(X)—=> H,(Y) > H,.1(W) = H, 1(X) = H,_1(Y)

Doing this same for each n gives the long exact sequence. There is some mild thinking to
verify that the maps H, (W) — H,(X) induced by the snake lemma on give the same
as the induced maps H,(W) — H,(X) by usual means, but this is not very interesting. [J

The reader who wants to learn group cohomology should probably skip from here to the
start of the section on group cohomology. The rest of this section is not closely related.

12



1.4 Injectives and projectives

Definition 1.4.1. An R-module @ is injective if every diagram as below can be completed
to a commutative diagram by choosing some ¢.

0 > X ¢ s Y

l k,,;,

Q

Equivalently, @ is injective if the functor Hompg(—, Q) is exact, or if every short exact
sequence 0 — Q@ — X — Y — 0 splits (proof of equivalence omitted, see Lang [6]).

Definition 1.4.2. An R-module P is projective if every diagram as below can be completed
to a commutative diagram by choosing some ¢.

P

X W \ O
7 7

Equivalently, P is projective if the functor Hompg(P, —) is exact, or if every short exact
sequence 0 — X — Y — P — 0 splits (proof of equivalence omitted, see Lang [6]).

Definition 1.4.3. An abelian category A has enough injectives if for every object X in A,
there is an injective object I and a monomorphism X — /. (In the category of R-modules,
monomorphism is equivalent to injective map.)

Definition 1.4.4. An abelian category A has enough projectives if for every object X
in A, there is a projective object P and an epimorphism P — X. (In the category of
R-modules, epimorphism is equivalent to surjective map.)

Definition 1.4.5. Let A be a category. An projective resolution of an object X (in A)
is an exact sequence
=P =P =X =0

where each P; is projective (in A). Analogously, an injective resolution of X is an exact
sequence
02X —=>Qy— Q1 — -

where each @); is injective (in A).

Philosophically speaking, why should we care whether a category has enough injectives or
projectives? The main reason is that having enough injectives (resp. projectives) means that
every object has an injective (resp. projective) resolution, and that having such resolutions
is necessary to define derived functors, such as Ext.

Proposition 1.4.6. Let A be an abelian category with enough injectives (projectives). Then
every object X has an injective (projective) resolution in A.
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Proof. As A has enough injectives, choose an injective object I, with a monomorphism
¢ X — Iy. Let m: Iy — coker ¢ be the cokernel map. Choose a monomorphism v :
coker ¢ — I with I; injective. We want 0 : [y — I, extending our exact sequence.

0 . [ by

Since [; is injective, there exists # making the following diagram commute.

0—— X <

L 0

I

>I[)

Since ¢ is a monomorphism, #¢ = ¢w¢ implies § = ¢, hence 6§ makes our original diagram
commute.

To check exactness of this sequence, we need kerf = im¢. By definition, im¢ =
ker coker ¢, which is then equal to kerm. On the other hand, kerf = kervm, but since
1 is a monomorphism, this is just ker 7. Thus the sequence is exact.

We then iterate this construction to contiue extending the exact sequence, and obtain
an injective resolution of X. The corresponding statement about projective resolutions may
be proved using the exact same argument with all arrows reversed. Alternatively, it follows
from the statement about injectives by considering the opposite category A°P. (Note that
A°P is also abelian, and injective objects in A correspond to projective objects in A°P.) [

Theorem 1.4.7. Let R be a ring. The categories of R-modules and finitely generated R-
modules have enough projectives.

Proof. Every R-module M is a quotient of a free R-module, and free modules are projective.
More concretely, if M is an R-module, let {m;},., be a generating set for M, and let F' be
the free R-module with basis set {m;},

and we have a surjective map F' — M by sending m; € F' to m; € M. This same argument

shows that if M is finitely generated, then it is a quotient of a finitely generated free module.
O

Unfortunately the analogous statement for injectives is not nearly as easy to prove, so it
takes up our next few sections. First, we state without proof an occasionally useful criterion
for injectivity.

Proposition 1.4.8 (Baer’s criterion). Let R be a ring and @ an R-module. Then Q is
injective (in the category of R-modules) if and only if for every left ideal I C R any R-module
homomorphism ¢ : I — Q) can be extended to an R-module homomorphism ¢ : R — Q.

Proof. Proposition 36 of Dummit and Foote [3]. O
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1.4.1 Divisible abelian groups

Definition 1.4.9. Let A be an abelian group. A is divisible if for every n € Z,n # 0, the
map
A— A a — na

is surjective.

Example 1.4.10. No finite abelian group is divisible. Examples of divisible groups include
the additive group (Q,+), Q/Z, and the multiplicative group (C*, x).

Lemma 1.4.11. An abelian group is injective (in the category of abelian groups) if and only
of it is divisible.

Proof. (Injective = divisible) Let @) be an injective abelian group. Let ¢ € @, and consider
the map Z — @, 1 — q. Since @ is injective, the following diagram can be completed to a
homomorphism ¢ : %Z — Q.

1

y =
7

0 > L
P

Q

For any n € Z and any ¢ € @, we get ng (%) = ¢(1) = ¢, so the map n : QQ — @ is surjective,
hence () is divisible.

(Divisible = injective) Let @ be a divisible abelian group, and suppose we have the
diagram below. We need to construct h making the diagram commute.

Consider the set S of pairs (B, hg) where A C B C C' and hp : B — @ is a lift making the
following diagram commute.

» B —— C

%

Q
We give S a partial order by (B, hg) < (B’,hp) when B C B" and hp/|g = hp.

A f>Bf s B« s C

15



We want to apply Zorn’s lemma to S, so we need to show that any ascending chain has an
upper bound. Let (B;, hp,) be an ascending chain.

A f>Blf > By <

h
g| P
hp,

Q

~

Then an upper bound is given by(1§7 hz) where B is the subgroup generated by J, B; and
the map hg is defined by hz(b) = hp(b) for b € B. Thus Zorn’s lemma applies to S, so there
is a maximal element (Bpax, hp,.., )-

If we can show that B,., = C, and then we are done. To do this, it is sufficient to show
that for any pair (B, hg) such that B # C, there is (B', hg/) € S with B C B’, since if we do
this, then if By, # C, there is a larger subgroup strictly containing By,.x with an extension,
contradicting maximality of By, and resulting in the conclusion that B., = C.

Now we show that if (B,hg) € S with B # C, there exists (B, hp/) € S with B C B’
and hp|p = hp. Let (B,hg) € S with B # C and choose ¢ € C'\ B, and let B. = B+ ¢ =
B + Zc C B be the subgroup generated by B and c.

A f>Bf

gl/
hp

Q

7£>Bcf y

We consider two cases:
1. There does not exist n € Z>; such that nc € B.
2. There exists n € Z>; such that nc € B.

In case (1), B. = B+Zc = B®Zc, and hp can be extended to hp, : B. — Q by hp,|p = hp
and hp_ (c) = 0. (Or set hp,(c) to be anything, it doesn’t have to be zero.) Thus B, is a
strictly larger extension than B.

In case (2), let n € Z>; be the smallest integer so that nc € B. Finally, we use the fact
that @ is divisible to choose ¢ € @ such that ng = hg(nc). Consider the map 7 : B@®Z —
B, (b,m) +— b+ mec, which fits into the exact sequence

0> kerm > B®dZcS B.— 0

and (via the first isomorphism theorem) induces an isomorphism (B @& Zc)/ ker 7 = B... Now
consider the map

h:B®Z—Q  h(bm)=hg(b)+mgq

If (b,m) € kerm so that b + mec = 0, then —mec € B, so |m| > n and n divides m (by
minimality of n), so m = nt for some ¢ € Z, and then

h(b,m) = hg(b) + mq = hg(—mc) + mq = hp(—tnc) + tng = t(—hg(nc) + ng) =0

16



This shows that ker 7 C ker h. Thus & factors through (B @ Zc)/kerm & B, to give a map
hp, : B. — @ satisfying hp, (b+ mc) = hp(b) +mgq and in particular hp, (b+ 0c) = hg(b), so
hp, extends hp.

[]

Remark 1.4.12. The proof given above that an injective abelian group is divisible also
holds in the category of finitely generated abelian groups, since the groups used, Z and %Z,
are both finitely generated. That is to say, an injective object in the category of finitely
generated abelian groups must be divisible.

Remark 1.4.13. The simplest examples of divisible abelian groups are Q and Q/Z, so these
are injective Z-modules. Note that there are no finite abelian groups which are divisible.

Proposition 1.4.14 (Properties of divisible abelian groups). .

1. The tensor product of a divisible abelian group with any abelian group is divisible.
The torsion subgroup of a divisible abelian group is divisible.
A divisible group splits as a direct sum of its torsion subgroup and a torsion free group.
The tensor product of a divisible abelian group with a torsion group is zero.

The tensor product of two torsion free abelian groups is torsion free.

S

Then tensor product of divisible abelian groups is uniquely divisible.

Proof. (1) Let A, B be abelian groups with A divisible. Then for a generator a ® b of A® B
and n € Z, there exists @’ € A such that na’ = a, so n(a’®b) = na’ @b = a®b. Since simple
tensors generate A ® B, this shows that A ® B is divisible.

(2) Let A be divisible and let Ai,, C A be the torsion subgroup. For n € Z, consider
n : Aior — Aior. Let a € Aior. Since A is divisible, there exists @’ € A such that n'a = a.
Since a is torsion, a’ is also torsion, so a’ € Ai,,. Thus A, is divisible.

(3) Let A be divisible and Ay, the torsion subgroup. Since Ay, is divisible, it is injective
in the category of abelian groups, so

0— Ator > A— A/Air — 0

is split exact. Clearly A/Ay, is torsion free.

(4) Let A be divisible and B be torsion. Then for a generator a ® b € A ® B, there
exists n € 7Z such that nb = 0, and then there exists ' € A such that na’ = a. Then
a®b=nd ®b=d @nb=a ®0=0. So all the generators are zero, so A® B = 0.

(5) Let A, B be torsion free, so they are flat. So — ® A is exact, and — ® B is exact.
Then the composition — ® B o ® A of functors is exact, but this is “the same ” (naturally
isomorphic as functors) as (A ® B), so A® B is flat, so it is torsion free.
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(6) Let A, B be uniquely divisible. By (1), A ® B is divisible, so to show it is uniquely
divisible, it suffices to show that it is torsion free. By (2), they split as A = Ay, @ Apee and
B = Bior ® Bpee. Then

A & B= (Ator > Afree) & (Btor S Bfree)
= (Ator ® Btor) ©® (Ator & Bfree) S¥) (Afree ® Btor) s> (Ator & Bfree)

By (4), the first three terms vanish, and by (5), the last term is torsion free. O

1.4.2 Enough injectives for R-mod

Definition 1.4.15. Let R be a ring and M an R-module. We define M = Homgz (M, Q/Z).
We view MY as an R-module via the action

(r - @)(m) = o(r-m)

where r € R,m € M,¢ € MV, and r - m is the action of R on M.

We view Homgz(—,Q/Z) = M — MV as a contravariant functor from the category of
R-modules to itself. Note that because Q/Z is divisible, it is an injective abelian group, so
the functor Homy(—, Q/Z) is exact (as a functor from abelian groups to abelian groups), so
it is an exact functor from R-mod to itself.

Definition 1.4.16. Let M be an R-module. The evaluation map is
ev: M — (M) m (o (m)  ev(m)(d) = ¢(m)

Definition 1.4.17. Let R be a ring and M an R-module. The free module on M is

F(M)= P Rlm]

meM

with the accompanying surjection

FM)— M Zn[mi] — Zrimi

We think of M +— (F(M) — M) as a functor from R-mod to the arrow category of R-mod.
Definition 1.4.18. Let R be a ring and M an R-module. Set J(M) = (F(MY))".

Theorem 1.4.19. Let R be a ring and M an R-module.

1. The evaluation map ev : M — (MVY)" is injective.
2. There is a (canonical) embedding M — J(M).
3. RY is an injective R-module.

4. J(M) is an injective R-module.

18



5. The category of R-modules has enough injectives.

Proof. (1) We show that if z € M and x # 0, then ev(z) # 0. Equivalently, we need to show
that there is ¢ € MY = Homy(M,Q/Z) such that ev(x)(¢) = ¢(x) #0. Let x € M,z # 0.
Let M’ C M be the abelian subgroup generated by z (NOT the R-submodule generated by
x, this is not the same thing). Then there is a nonzero map 1 : M’ — Q/Z which does not
vanish on z (for example, if nz = 0, send x to %) Then because Q/Z is an injective abelian

group, this extends to a map ¢ : M — Q/7Z which does not vanish on z.

O—>M’—>M

lw ~

Q/Z

Then ev(z) (1)) = 1b(z) # 0. Hence ev is injective.

(2) Consider the canonical surjectlon F(MY) — M. Apply the contravariant, exact
functor (—)Y to obtain (MY)Y — (F(MVY))Y = J(M). Since (—)" is exact, the surjection
becomes an injection. Thus we have injections

M =5 (MY)Y — J(M)
which is to say, M embeds into J(M).
(3) Let N be an R-module. As some people would say,
HOIHR(N, HOIIlz(R, @/Z)) = HOIIlz<N, Q/Z)

However, I think that it’s sloppy to write an equality here. What this really means is that
there is a natural isomorphism of R-modules

Homp (N, Homyz(R, Q/Z)) — Homz(N,Q/Z) ¢+ <n o gb(n)(l))

with inverse given by
Homy (N, Q/Z) — Homp(N, Homy (R, Q/Z)) o+ (n = (10 ¢(n)))

(details left unchecked by me, the author). By “natural isomorphism,” I mean that this is
furthermore an isomorphism of functors

(—)" = Homgz(—,Q/Z) = Hompg(—, Homy(R, Q/Z)) = Hompg(—, R”)

(once again, details left unchecked). Therefore since (—)¥ is exact, Homg(—, RY) is exact,
so RY is injective.

(4) Note that we have an isomorphism of R-modules

J(M) = (F(M"))" = Homy, <@ Q/Z) [[ Homz(Rl¢),Q/Z) = ] R

peMY peMY peMY

Since a product of injective objects is injective and RY is injective by (3), this product is
injective.
(5) This is immediate from (2) and (4). O
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Remark 1.4.20. The previous proof, combined with the fact that the torsion subgroup of a
divisible abelian group is injective shows that the category of torsion abelian groups
has enough injectives, since the canonical embedding M < J(M) has image in the torsion
subgroup, which is also injective.

1.4.3 Projectives and injectives in some subcategories of abelian
groups

Proposition 1.4.21. The category of finitely generated abelian groups has enough projec-
tives, but not enough injectives. (In fact, there are no nonzero injective objects at all in this
category).

Proof. Every finitely generated abelian group A is a finite direct sum of cyclic groups,

A7 o PZ/n

Then A is a quotient of a a free module on the same number of generators by sending
a generator for each infinite cyclic summand to a generator for the corresponding cyclic
summand of A. That is, we have the surjection

Zro@®,7 Y% e, Z/nl
where 7 sends the generator of the ith summand Z to the generator of Z/n;Z. Hence there
are enough projectives.
Now suppose A is an injective object in the category of finitely generated abelian groups.
By remark A is divisible. However, there are no divisible finitely generated abelian
groups, except the trivial group. O

Proposition 1.4.22. The category of torsion abelian groups has enough injectives, but not
enough projectives.

Proof. First, we show that there are enough injectives. Let M be a torsion abelian group.
Then we have an embedding M — J(M), and by Theorem [L.4.19] J(M) is injective. Note
that the torsion subgroup of a divisible group is divisible, and that M lands in the torsion
subgroup of J(M), so M embeds into an injective object.

Now we show that there are not enough projectives ﬂ To show there are not enough
projectives, we show that there is no projective which surjects onto Z/27Z. Suppose there is
a projective object P with a map ¢ : P — Z/2Z and an element z € P so that ¢(z) = 1.
For k > 1, we have the quotient map 7 : Z/2*7Z — 7Z/27,1 +— 1. Since P is projective, there

is a lift ¢ : P — Z/2*Z with ¢(z) = 1.

K

Z)2*7 —— 7.]27 —— 0

!In fact, there are no nontrivial projective objects in this category, but the proof given here
https://math.stackexchange.com/questions/1038786/existence-of-projectives-in-the-category-of-torsion-
abelian-groups requires some knoweldge about Prufer groups, so we omit it. This proof is also given at that
source, in the original question.
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Note that any element of Z/2*Z which maps to 1 under 7 is a generator, since it is coprime
to 2%, In particular, (E(a:) is a generator of Z/2*7Z, so x € P has order at least 2*. Since
k was arbitrary, this shows that = has arbitrarily large order so x is not torsion, which is
impossible since P is a torsion group. Thus P does not exist. O

1.5 Computations of Ext groups

As previously discussed, we do not give a full development of the definition of Ext. However,
we recall the usual strategy for computing Ext groups via projective and injective resolutions.
Let R be a ring and let A, B be R-modules. Given a projective resolution of A

o= PP —-A—=0

we apply the contravariant functor Homg(—, B) and drop the A term to obtain a chain

complex
0— HOIHR(P(),B) — HOH]R(Pl, B) —

The ith homology of this chain complex is Ext% (A, B). Alternatively, one may being with
an injective resolution of B,
0O—->B—-Iy—1—---

and apply the covariant functor Hompg (A, —) and drop the B term to obtain a chain complex
0 — Hompg(A, Iy) — Homg(A, L) — - -

The ith homology of this chain complex is also Exty (A, B).

The main issue that needs addressing here is why on earth this computation does not
depend on the choice of projective objects P; or the choice of injective objects I;. It is not at
all clear that this is true from the outset. We even threw away the one term that we know
doesn’t depend on any choices, so maybe this is total nonsense. It takes some work, and
I'm lazy, so I haven’t done it here, but there are a few key technical results in homological
algebra which tell us that this does not depend on the choice of resolution.

Now we give a variety of examples. The following computations of Ext groups are all
examples, exercises, or theorems from Dummit and Foote [3].

Proposition 1.5.1. Let A be an abelian group. Then

Extl(Z/mZ, A)

12
o
~
3
AN
|

Proof. We have a projective resolution of Z/mZ

0=Z57—Z/mZ—0
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Then we apply the contravariant functor Homy(—, A) and drop the Z/mZ term to obtain
a chain complex depicted below. Using the canoncial isomorphism Homgy(Z, A) = A via
¢ — ¢(1), we get an isomorphism of chain complexes.

0 —— Homg(Z, A) —— Homgy(Z,A) —— 0

! |

0 y A U y A » 0

1%

Thus Ext)(Z/mZ, A) = ,, A and Exty(Z/mZ, A) = A/mA, and the higher ext groups vanish.
[l

Proposition 1.5.2. Let m,d be integers with d|m, and let A be an abelian group of exponent
m (aka A is a Z/mZ-module). Then

4 A i=0
Exty )z (Z/dZ, A) = § maA/dA  i=1,3,...
dA/(mJd)A i=2.4,. ..

Proof. We begin with a projective (free) resolution of Z/dZ (in the category of Z/mZ-
modules).
L g mz —s 2mZ Y BmZ — s ZmZ —— )T — O

The map 7 is the quotient map 1 — 1, whose kernel is generated by m/d, which justifies
exactness at the first Z/mZ term. Exactness at the other terms is clear.

Then we apply the contravariant functor Homg,,,z(—, A) and drop the Z/dZ term to ob-
tain the upper chain complex depicted below. Using the isomorphism Homg,,z(Z/mZ, A) =
A, we get an isomorphism of chain complexes.

0 — Homg/mz(Z/mZ, A) <, Homg, /2 (Z/mZ, A) iy Homg, /z(Z/mZ, A) 4,

I ! ¥

0 > A d s A m/d s A d S ..

The ith homology of this periodic chain complex is Ext, ymz(Z/dZ, A), so we read off exactly
the homology as claimed. O

Lemma 1.5.3. Z/mZ is an injective Z/mZ-module.

Proof. By Baer’s criterion [1.4.8] it suffices to show that for any ideal I C Z/mZ and any
Z/mZ-linear map I — Z/mZ, there is an extension ¢ : Z/mZ — Z/mZ. An ideal of Z/mZ
is a subgroup of the form nZ/mZ. Any such subgroup can be written as dZ/mZ where
d = ged(n, m), in particular, d|m.

Suppose we have ¢ : dZ/mZ — 7/mZ. By linearity, ¢ is determined by ¢(d). Since d
has order m/d, it must be mapped to something of order m/d, so it is mapped to something
in the subgroup dZ/mZ (since finite cyclic groups have a unique subgroup of each divisor
order), so ¢(d) = kd. Then we extend ¢ to Z/mZ by setting 5(1) = k. O
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Proposition 1.5.4. Let m,d be integers with d|m, and let A be an abelian group of exponent
m (aka A is a Z/mZ-module). Let A= Homy mz(A, Z/mZ) be the dual group of A. Then

2 A i=0
Extl iz (A, Z/dZ) = § maA/dA  i=1,3,...
dA/ DA i=2.4,. ..

Proof. By the previous lemma Z/mZ is an injective Z/mZ-module. Thus the following
is an injective resolution of Z/dZ (in the category of Z/mZ-modules).

0 — Z/dZ — Z/mZ % Z)mZ ™% 2.)mZ % 7)mz ™% . ..

Then we apply the covariant functor Homg,,,z(A, —) and drop the first term to obtain the
chain complex below. We omit the subscript Z/mZ for Hom.

0 —— Hom(A,Z/mZ) —*— Hom(A, Z/mZ) i, Hom(A,Z/mZ) —%s ...

From this, we read off the necessary homology. O

Remark 1.5.5. A finite abelian group is (non-canonically) isomorphic to its dual, but an
infinite abelian group need not be.

Proposition 1.5.6. Let Q) be an injective R-module. Then Extz(A, Q) = 0 for all R-modules
A and alln > 1.

Proof. We have the somewhat trivial injective resolution of @)
0=-0Q—-Q—0

Then we apply the contravariant functor Hompg(A, —) and drop the first term to obtain the
even more trivial chain complex

0 — Homg(A,Q) — 0

whose ith homology is Ext’ (A, Q). Thus Ext%(A4, Q) = Homp(A, Q) (as always), and higher
Ext groups vanish. O]

Example 1.5.7. For R = Z, we know that injective is equivalent to divisible. So as examples
of the above we obtain

Extz(A,Q) =0  Extz(4,Q/Z)=0
for all n > 1 and all abelian groups A.

Proposition 1.5.8. Let P be a projective R-module. Then Extly(P, A) = 0 for all R-modules
Aand alln > 1.
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Proof. We have the somewhat trivial projective resolution of P
0—-P—=P—=0

Then we apply the covariant functor Hompg(—, A) and drop the first term to obtain the even

more trivial chain complex
0 — Hompg(P,A) — 0

whose ith homology is Ext% (P, A). Thus Ext%(P, A) = Hompg(P, A) as always, and higher
Ext groups vanish. [

Example 1.5.9. For R = Z (or any PID), we know that projective is equivalent to free. So

from the above we obtain
Exty(ZF, A) =0

for all n, k > 1 and all abelian groups A.

Proposition 1.5.10. Let A, B be abelian groups. Then Ext} (A, B) =0 for all n > 2.

Proof. Recall that for abelian groups, injective is equivalent to divisible, and recall that a
quotient of a divisible group is divisible. We know that Z-mod has enough injectives, so
choose an embedding B — @ with @ injective/divisible. Then the quotient @)/B is also
divisible, to it is injective. Thus we have an injective resolution

0—-+B—-1—1/B—0

Then we apply the covariant functqr Homy (A, —) and drop the B term to obtain a chain
complex whose ith homology is Ext; (A, B).

0 — Homy(A,I) — Homy(A,I/B) — 0

We can’t say very much about Ext® and Ext', but we can read off from this that Ext} (A4, B) =
0 for n > 2. n

Proposition 1.5.11. Let A be a torsion abelian group. Then

, 0  =0,1> 2
Ext},(A,Z) = R
Homy(A,Q/Z) i=1
Proof. We have an injective resolution of 7Z

0-Z—-Q—Q/Z—0

Then we apply the covariant functor Homgz(A, —) and drop the Z term to obtain a chain
complex whose ith homology is Ext,(A,Z).

0 — Homy(A, Q) — Homy(A,Q/Z) — 0

Because A is torsion and Q is torsion free, Homgz (A, Q) = 0. Thus the Oth homology is zero,
the first homology is Homy(A, Q/Z), and the higher homology groups vanish. O
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1.5.1 Extensions and Ext

Definition 1.5.12. Let A, B be R-modules. An extension of B by A is a short exact
sequence of R-modules
0—+B—-FE—>A—0

Sometimes we are careless and refer to the object E as the extension, but this is not proper
terminology.

Definition 1.5.13. Two extensions 0 » B —+ F —+ A —0and 0 > B — EF' — A — 0 are
equivalent if there is an isomorphism 0 : E — E’ making the following diagram commute.

This is an equivalence relation.

A warning: It is NOT sufficient to have an isomorphism £ = E’ if the diagram does not
commute. That is, there may be extensions such that E, E’ are isomorphic, and yet they
are not equivalent extensions.

This is the real reason that it is improper to speak of the object E as the extension, since
even the isomorphism class of £ does not determine the equivalence class of the extension
0—+B— FE — A— 0. For a concrete example of this, see Example where there are
several inequivalent extensions with the same object in the middle.

Theorem 1.5.14. There is an isomorphism between Ext}%(A, B) and the group of equivalence
classes of extensions 0 > B - E — A — 0.

Proof. Omitted. O]

Note that I haven’t even told you what the group structure on extensions is. There is not
even an obvious choice of definition for adding two extensions together. The “right” definition
is something called the Baer sum, which involves the categorical pullback. Suffice it to say,
the additive identity for this group is always the “trivial” or “split extension”

0-B—->BpA—->A—=>0

where the left map is inclusion into the left factor and the right map is projection onto the
right factor.

Example 1.5.15. We know that Exty(Z/pZ,Z/pZ) = Z/pZ by Proposition [1.5.1} By the
previous theorem, this means that there are exactly p inequivalent extensions

0—Z/pZ — E — Z/pZ — 0

25



We now give concrete descriptions of these p extensions. As for any two groups, there is the
trivial split extension

0 — Z/pZ — Z/pZ & Z/pZ — L/pZ — 0

where the left map is inclusion into the left factor and the right map is projection onto
the right factor (the choice of which factor does not change the equivalence class of this
extension). For nontrivial extensions, we have the following p — 1 extensions.

mod p

0 —— Z/pZ —2— 7)p*Z 5 7./pZ — 0

mod p

0 —— Z/pZ TN Z/p*L —— Z/pZ — 0

mod p

0 —— Z/pZ T8 7527 % 7/p7 0

It is clear that none of these is equivalent to the trivial extension, since Z/p*Z % Z/pZ®Z]pZ,
so to know that we have found a representative for every equivalence class, it suffices to show
that these p — 1 extensions are all inequivalent. Suppose we have an equivalence as below
with m,n e {1,...,p—1}.

mod p

0 —— Z/pZ 2 7)p*2 2“8 7./pZ. —— 0

[P o

0 —— Z/pZ —2 7/p*7 2298 7,/p7 —— 0

Commutativity of the right square gives #(1) = 1 mod p, so #(1) = 1 + kp for some k. Then
commutativity of the left square gives

np = 0(mp) = mpd(1) = mp(1 + kp) = mp +mkp® = mp mod p?
Since m,n < p, this implies m = n.

Remark 1.5.16. Dummit and Foote do the same example where they describe the p distinct
extension of Z/pZ by itself, except that they write the nontrivial extensions as

n mod p

0— Z/pZ 2 7.)p*2 "2 7,/ pZ. — 0

where the left map is the inclusion 1 — p and the right map is x — nx mod p. As above,
this gives p — 1 inequivalent extensions for n € {1,...,p — 1}.
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Chapter 2

Infinite Galois theory

We assume the reader is already familiar with the Galois correspondence for finite field
extensions. If not, there are many sources for this, such as Dummit and Foote [3] and Lang
[6].

However, knowledge of finite extensions is insufficient for the ways that we want to
describe Brauer groups later. For that, we will need to consider the separable closure of a
field. (In the case of characteristic zero, separable closure is the same as algebraic closure.)
Occasionally the separable closure is only a finite extension of the base field, such as C/R.
But most of the time, it is an infinite extension. For example, the separable (also algebraic)
closure of QQ, the separable closure of a finite field, etc.

It is either reasonable or crazy to hope that the Galois correspondence between inter-
mediate subfields and subgroups of the Galois group would extend to the case of an infinite
extension. It turns out to be a reasonable hope, for the simple reason that it is true. How-
ever, it is not just a verbatim translation of the usual correspondence. Somehow, topology
gets involved - the Galois group of an infinite extension is a profinite group, so it is a topolog-
ical group. Furthermore, this topology captures how much the Galois correspondence differs
from the finite case. Specifically, the closed subgroups play a special role.

In this section we mostly follow chapter 7 of Milne [§].

2.1 Direct and inverse limits

Before we can get to the Galois theory, we need to set up some background on direct and
inverse limits, since they play a crucial role in discussing the Galois group of an infinite field
extension. We will need inverse limits more at this stage, but direct limits are important
much later for describing profinite cohomology of infinite Galois groups, so we include the
material here.

Definition 2.1.1. A directed set is a set [ with a partial ordering <, with the additional
property that for every ¢,7 € I, there exists k € K such that ¢ <k and j < k.

Definition 2.1.2. Let C be a category and I be a directed set. A directed system in C is
a collection of objects {A;|i € I'} and a collection of morphisms f/ : A; — A; for ¢ < j, such

27



that f; = Id,, and for i < j < k the following diagram commutes.
£

Ai >A]
N
k

A perhaps useful mnemonic is that we always try to write our morphisms fz] so that the
“smaller” index (in the sense of the partial order <) goes on the bottom.

There are usually two approaches when discussing categorical constructions like the di-
rect limit. The first way, which is probably more popular, is to construct or describe the
direct limit as an object, and then show that it has a universal property. The second way,
which we take here, is to define it using the universal property, and only then show that such
an object always exists. I prefer the second method, since it downplays the concrete distinc-
tions between particular categories, and highlights the arrow-theoretic structural properties
involved.

A

Definition 2.1.3. Let (A;, f/) be a directed system. A direct limit of the system is an
object A with morphisms ¢; : A; — A making the following diagram commute,

and also with the following universal property: if B is any object with morphisms v; : A; — B
making the analogous triangle commute,

If A exists, we write A = 113%1Z

Remark 2.1.4. Due to the universal property, if the direct limit exists, it is unique up to
isomorphism.
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Proposition 2.1.5. Direct limits exist in the calegories of groups, abelian groups, and topo-
logical groups. Concretely, in all three, the direct limit of (A;, f}) is given by

iel
The equivalence relation is described by: for x; € Aj,x; € Aj, x; ~ x; if and only if there
exists k € I with i,j < k such that fF(x;) = fF(x;). (s, x; “eventually become the same”.)
Proof. Omitted. n

Having discussed direct limits, we now discuss inverse limits. The discussion is essentially
the same, with all of the arrows reversed, except for the concrete description of inverse limit
in the category of groups.

Definition 2.1.6. Let C be a category and I a directed set. An inverse system or in-
versely directed system is a collection of objects {4;]i € I'} and a collection of morphisms
fl+A; — A; for i < jsuch that f/ = Ids, and that for ¢ < j < k the following diagram

commutes.
f
Ai < : A]
PN
Ay,

(Note that this is identical to the diagram in the definition of a directed system, with arrows
reversed.)

Definition 2.1.7. Let (A;, f/) be an inversely directed system. An inverse limit of the
system is a group A with morphisms 7; : A — A; making the following diagram commute,

A

and such that A is “universal in this diagram,” meaning that if B is another object with
morphisms v; : B — A; making the analogous triangle commute,
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then there is a unique morphism h : B — A making the following diagram commute.

Vil

Ai<

N

If the inverse limit A exists, we write A = lgnA

Remark 2.1.8. As with direct limits, the universal property ensures that if the inverse limit
exists, it is unique up to isomorphism.

Proposition 2.1.9. Inverse limits exist in the categories of groups, abelian groups, and
topological groups. Concretely, in each case the direct limit of (A, f7) is given by

@Ai:{a, e [[4

el

_fj aj)‘v’z<]}

Proof. Omitted. n

Now that we have existence of direct and inverse limits in the categories we care about, we

discuss inducing maps. From a categorical perspective, given a bunch of maps A; — B;

between directed (or inverse) systems, there ought to be a canonical way of obtaining a map

@A — @Ai (or @A — lim B; as the case may be). It turns out that just having maps
; — B; is not sufficient, but this captures the general idea. Now let’s give the specifics.

Definition 2.1.10. Let C be a category and I a directed set. Let (A;, f/) and (B, g/) be
directed systems (both using the same directed set 7). A morphism of directed systems
from (Ai,fg) to (Bi,gg) is a collection of morphisms ; : A; — B; making the following
squares commute for every i < j

—>B

b b

—>B

Definition 2.1.11. A morphism of inverse systems is defined in perfect analogy with the
previous definition for directed systems, using an analogous commutative square.

Definition 2.1.12. Let v; : A; — B; be a morphism of directed systems, and assume the
direct limits lim A; and lim B; exist. Then such a morphism induces a morphism lim A; —
ligBi as follows. Consider the following diagram, where the unlabelled morphisms A; —
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@Ai, B, — B ligBi are the morphisms associated with the direct limit.

By the universal property of direct limits, the dotted arrow h exists and is unique. We call
h the direct limit of the maps v;, and write h = h_n;wl

Remark 2.1.13. A morphism of inverse systems similarly induces a morphism on the inverse
limits.

Remark 2.1.14. In terms of the concrete description of direct limits for groups, the direct
limit of morphisms v; : A; — B; is described by

U A)/ ~ 25 (B ~

T Yi(w)
That is, the class of x; € A; gets mapped to the class of ¢;(z;) € B;.

Exercise 2.1.15. Using the concrete description of inverse limits, describe how the inverse
limit of maps acts on the class of an element in the inverse limit.

Proposition 2.1.16. Let C be the category of abelian groups, and let ¢; : A; — B; be a
morphism of directed systems. If x € @Ai has a representative x; € A; such that ¥;(z;) =0,
the (hérl ¥i)(x) = 0. That is,

ker1); C kerlig@bi

Proof. Exercise. O]

2.2 Profinite groups

“Profinite” is just a fancy name for the inverse limit of a system of finite groups. Our main
example of a profinite group will be the Galois group of an infinite field extension L/K.
First, we discuss profinite groups in some generality, but the application is useful to keep in
mind.

Definition 2.2.1. A profinite group is an inverse limit of finite groups. Concretely, if
(G, gb;) is an inverse system of groups indexed by I, the inverse limit is the group

@Gi = {(gz) € HGi : Qb;(gz) :gj}

el
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Giving each finite group G; the discrete topology and the product topology on []G;, the
inverse limit is given the subspace topology.

The name “profinite” comes from the fact that profinite groups “behave like” finite groups
in some ways, and are “controlled by” their finite quotients and subgroups in meaningful
ways. This statement is very imprecise and frustrating at first, but some intuition hopefully
develops over time. The closest we will get to making this precise is in Proposition [2.2.5]
which says that a profinite group is determined by its finite quotients.

We will also need some general facts about topological groups.

Proposition 2.2.2. Let G be a topological group.
1. An open subgroup of G is also closed. (Every open subgroup is clopen.)
2. A closed subgroup of finite index is open.
3. If G is compact, every open subgroup has finite index.

Proof. (1) and (2) are immediate using the facts that cosets of a subgroup partition the
group each coset is homeomorphic to the original subgroup. For (3), the cosets partition the
group, and they are also open, so there can only be finitely many of them. O

Remark 2.2.3. We summarize the previous result somewhat more pictorially. Let G be a
profinite group. Combining the previous two results, a subgroup is open if and only if it is
closed and of finite idex.

{open subgroups} = {closed subgroups of finite index}

Additionally, a closed subset of a compact set is compact, and since G is Hausdorff, a compact
set is closed. Thus
{closed subgroups} = {compact subgroups}

{open subgroups} = {closed subgroups of finite index} = {compact subgroups of finite index}

The original definition of profinite group is mostly algebraic and category-theoretic, so it is
somewhat surprising that profinite groups can also be characterized entirely topologically,
as in the next proposition.

Theorem 2.2.4. A topological group G is profinite if and only if it is compact, Hausdorff,
and totally disconnected.

Proof. Sharifi 2.1.22 [15]. O

In the next proposition, the last isomorphism is the important one, the only one really
worth remembering. Philosophically speaking, it says that a profinite group is determined
by all of its finite quotients (the groups G/N are exactly all of the finite quotients, as per
Remark open iff closed and finite index). Actually, it says you don’t need all of the finite
quotients, just enough of of them to determine the topology (in the sense of forming a basis
of neighborhoods of the identity).
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Proposition 2.2.5. Let G be a profinite group, and let U be the collection of all open normal
subgroups of G. Let H C G be a closed subgroup, and K C G a closed normal subgroup.
Then we have isomorphisms

G=lmG/N  H=lmH/(HNN) G/KZ=lmG/(NK)

Nelu Neu Neu

More generally, if ¥V C U 1is a set of open normal subgroups that form a basis of open
neighborhoods of the identity of G, then

G = lim G/N
NeVy

Proof. Partial proof in Sharifi [I5], but mostly not a proof there either, sorry. O

All right, enough of general profinite group theory, on to the application to infinite Galois
extensions.

2.3 Main correspondence for infinite extensions

Let L/K be a Galois extension, and & be the set of intermediate subfields K C E C L such
that £/K is finite Galois. Then
L=|]JE

Ee€
Additionally, £ is partially ordered by inclusion, and is a directed set, since the compositum
EF'/K is a finite Galois extension containing £ and E'. If E C E’, then we have a restriction
map Gal(E'/K) — Gal(E/K) by restricting automorphisms of E’ to E. This makes the
Galois groups Gal(E/K) into an inversely directed system.

Proposition 2.3.1. Let L/K be a Galois extension. Then
Gal(L/K)%Y&nGaI(E/K) o (o|g)
where E ranges over intermediate subfields K C E C L such that E/K s finite Galois.

Proof. Exercise for the reader to check that this actually maps into the direct limit, because
[ feel lazy right now. This is clearly a group homomorphism. It is also clear that the kernel
is trivial, since if o restricts to the identity on each E, it is the identity on L, since L = | E.

All that remains is surjectivity. Consider (og) € @Gal(E/K). Define o : L — L by
o(z) = og(z) for x € E. By the compatibility condition of (o) being in the inverse limit,
if  lies in two fields E, E' then op(z) = op(2) = ogr/(x) so this is well defined. Since
L = |JE, this defines o on all of L. Clearly o restricts to o for each E, so (og) is in the
image. [l

The previous theorem shows that the Galois group of an infinite Galois extension is deter-
mined by the Galois groups of finite subextensions. This is very important and will be used
very often, because it is often much easier to prove something about a finite group or a finite
extension.
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Definition 2.3.2. Since the inverse limit has a natural topology as a profinite group, the
isomorphism above makes Gal(L/K) a topological group. In the case where L/K is finite,
this is just the discrete topology, but when L/ K is infinite, this gives it a nontrivial topology.
Whenever L/K is Galois, we assume that Gal(L/K) has this topology, called the Krull
topology.

Theorem 2.3.3 (Fundamental theorem of (infinite) Galois theory). Let L/K be a Galois
extension and let G = Gal(L/K). There is a bijection

{closed subgroups H C G} <— {intermediate subfields K C E C L}
Hw~ LY
Gal(L/E) < E
In particular, LS /P) = E and Gal(L/L") = H. Additionally,
1. The correspondence is inclusion reversing, i.e. Hy C Hy +—= L1 > L2,

2. A closed subgroup H C G is normal if and only if L /K is Galois. In this case,

Gal(L" /K) = Gal(L/K)/H

3. A closed subgroup H C G is open if and only if L¥ /K is a finite extension. In this
case,

G : H)=[L": K]

Proof. Various sources. Theorem 7.12 of Milne [§], Theorem 4.1.12 of Gille & Szamuely
4 0

Remark 2.3.4. The usual Galois correspondence for finite extensions is a special case of the
above. In the case, every subgroup is closed and open, because G has the discrete topology.
So all of the hypotheses involving closed-ness or open-ness of subgroups become vacuous.

2.4 Absolute Galois group

As alluded to in the introduction to this chapter, the main source of infinite Galois field
extensions will be the separable closure of a field (and the accompanying absolute Galois
group). This sort of approach will later be very useful for computing Brauer groups. Let’s
see what applying our Galois correspondence for infinite extensions gets us in this scenario.

Definition 2.4.1. Let K be a field. A separable closure of K is a field K** which contains
all roots of separable polynomials over K.

Remark 2.4.2. In characteristic zero or for finite fields, separable closure is equal to al-
gebraic closure. The separable closure exists and is unique up to isomorphism. Note that
K®? /K is Galois.

Definition 2.4.3. The absolute Galois group of K is Gx = Gal(K*?/K).
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The first absolute Galois group we should try to compute is for a finite field, since in that
situation we know an awful lot about all the possible field extensions. This is the first time
we see the usefulness of how the structure of infinite Galois extension is determined by all
of its finite subextensions.

Proposition 2.4.4. Let K =F, be a finite field with q elements. Then G = Z.

Proof. For each n > 1, there is a unique finite extension of I, of degree n, which is Fn.
Furthermore, the Galois group is

Gal(F . /F,) = Z/nZ

The inclusion relation on Fy» is by divisibility of n, so the inverse system of Galois groups
are the groups Z/nZ for n > 1 ordered by divisibility with quotient maps Z/nZ — Z/mZ
when m|n. This inverse limit of this, as we already know, is Z. O

Definition 2.4.5. Let K be a field, and fix a separable closure K*?. The maximal abelian
extension of K, denoted K2, is the maximal subextension of K5 with abelian Galois group
Gal(K®*/K). (This exists because a compositum of abelian extensions is abelian.)

We will not focus too much on the maximal abelian extension in these notes, since it doesn’t
come up too often in the study of Brauer groups. However, it is a very important object in
local class field theory, which has connections to this type of material.

Proposition 2.4.6. Let K be a field, and let K* be the mazimal abelian extension of K.
Then
Gal(K**/K) = Gal(K*?/K)*

Proof. Consider the tower on the left, with corresponding Galois groups on the right.

Ksep Gal(K*  K*P)
I l
K Gal(K*/K™)
I |
K Gal(K*P/K)

By Galois theory,

Gal(K>P /K)

I(K*/K) =

By definition of K®P this is the maximal abelian quotient of Gal(K*P/K), which is, by
definition, Gal(K*°P/K). O
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Chapter 3

Group cohomology

Introduction

As the starting point for group cohomology, we will take a group G, an abelian group
A, where GG acts on A, and associate to it an infinite sequence of cohomology groups
H°(G,A), HY(G, A), H*(G, A), . ..

Each H(G, A) is an abelian group, and for any fixed i € Zs;, the association A
H(G, A) is a functor from the category of G-modules to the category of abelian groups.
All this means is that if we have a morphism of G-modules A — B, then there is an
induced morphism H'(G, A) — H'(G, B). We haven’t told you what exactly a G-module or
morphism of G-modules is yet, but this gives a flavor.

For those who have seen enough homological algebra to know what the Ext functor is, all
HY(G, A) is is Extyg)(Z, A). This is the sophisticated approach, but we will also give more
concrete and simpler approaches to defining H'(G, A).

However, the description via Ext does not capture the interesting aspects of group co-
homology. It tells you to expect a long exact sequence and various computations involving
projectives and injectives, but much of the power of group cohomology comes from varying
not the A argument of H'(G, A), but instead varying the G entry. As the simplest example,
if G acts on A and H C G is a subgroup, then H also acts on A, so there are groups H'(G, A)
and H'(H,A). How are they related? It turns out that they are very related, in the sense
that there are functions (called restriction and corestriction) between them which we can
sometimes describe very explicitly.

One question we should answer to justify the study of these functors is what more concrete
situations do they arise? What are examples of groups acting on abelian groups where the
cohomology groups H'(G, A) capture useful information, or answer questions that we might
have had before studying group cohomology altogether?

The primary example that I know of is the following: consider a Galois field extension
L/K. The Galois group G = Gal(L/K) acts on L, but how to view L7 It is a field,
so there are two immediately obvious abelian groups to consider: first, the additive group
(L,+), and second, the multiplicative group (L*, x). Because elements of Gal(L/K) are
field automorphisms of L, there is an action of Gal(L/K) on both of these groups by taking
an automorphism and having it act on a given element of L. Thus there are cohomology
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groups H'(Gal(L/K), L) and H(Gal(L/K),L*).

Ok, we have described a situation in which such a group action arises “in nature,” but
what does this actually accomplish? Eventually, we will see that the language of these
groups gives a convenient way to state and prove a generalized version of Hilbert’s Theorem
90, which was originally stated without reference to group cohomology.

As a more important application, one can eventually show that H?*(Gal(L/K), L*) is
isomorphic to the “relative Brauer group” of L/K. This is likely utterly unhelpful to a
reader trying to learn about group cohomology for the first time, since they probably don’t
know about Brauer groups. All you need to know at this point is that the Brauer group
can be completely described without reference to group cohomology in terms of “central
simple algebras” over the field K, and it turns out (the reader may think of this as magic)
that somehow this group defined in terms of central simple algebras is the same as a group
cohomology group. Using techniques of group cohomology, we can often know much more
about the Brauer group than we could if we just tried to stick to the language of algebras.

Lastly, we should say something about the word “cohomology,” since it is likely the reader
has encountered the word before in a more geometric context, such as differential geometry
or algebraic topology. There is a connection between geometric cohomology theories (like de
Rham cohomology and singular cohomology), and the purely algebraic group cohomology.
First, there is a rough correspondence

{topological spaces} +— {groups}
X — m(X)
K(G,1)«— G

As stated, this is very imprecise. We should probably require that X be connected and/or
have a basepoint, and the topological spaces side should also be homotopy classes of spaces,
rather than spaces. Then perhaps this correspondence makes sense.

The somewhat mysterious part of this is the K (G, 1), which is also known as an Eilenberg-
MacLane space. This correspondence gives the connection between group cohomology and
singular homology as follows: for any abelian group A,

Hi(K(G,1),A) = HI(G, A)

The left side is singular homology with coefficients in A, and the right side is group cohomol-
ogy with A viewed as trivial G-module. This is hopefully the last time we will think about
homology in topological terms in these notes.

3.1 Group rings

As we mentioned previously, one approach to defining group cohomology groups is with the
Ext functor, for which one needs a ring. The relevant ring here is the group ring Z[G]. This
group ring will be essential for some other approaches to defining H* (G, A) as well, so we
may as well get familiar with it.
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Definition 3.1.1. Let G be a group. The group ring of G, denoted Z[G] or sometimes
just Z(G, is the set of finite formal linear combinations of elements of g with integer coeffi-
cients. These linear combinations are given a ring structure defined in perfect analogy with
polynomial addition and multiplication. More explicitly,

Z|G] = {Z ag9 | ag € Z, g € G, finitely many nonzero terms}

geG

with addition given by

Z agg + Z beg = Z(ag +bg)g

geG geqG geqG

and multiplication given by
() () - 5 ()
geG geG c€G \gh=0c
Note that Z[G] is a module over itself, as is any ring.

Example 3.1.2. Let G = Z/27 x 7Z./27. Write G using the presentation
G={o,7|o*=1*=1,07 =70)
The group ring Z[G] is the set
Z|G)={a+bo+cr+dot|abc,decZ}

Addition in Z[G] is works how you would expect. Multiplication also works most as one
would expect, except that 02 and 72 are one. For example,

(1+0)(l-0)=1—-0c+0—0°>=0

So 1+ 0 is a zero divisor in Z[G]. This example serves as a warning to avoid assuming much
about Z[G]. It is a unital and associative ring, but it is only commutative if G is, and it need
not be an integral domain. Even though every element of G is invertible, linear combinations
of them need not be units in Z[G].

Definition 3.1.3. Let G be a group. A G-module is a module A over the ring Z[G].
Equivalently, a G-module is an abelian group A with a G-action such that the G-action
distributes over addition in A. That is, for g € G,a,b € A,

gla+b)=ga+ gb

along with the other usual requirements for a group action, for all g,h € G and a € A, with
e the identity in G,
g(ha) = (gh)a ea=a

Alternately, one may think of encoding the G-action on A as a group homomorphism G —
Aut(A). A morphism of G-modules is a morphism of Z[G]-modules.
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Definition 3.1.4. A G-module A is trivial if the G-action on A is trivial, which is to say,
every element of G acts on A by the identity map. That is, if we encode the G-action by a
morphism G — Aut(A), this is the trivial map.

Note that a trivial module need not be the trivial group, despite the confusing terminol-
ogy. Any abelian group A may be viewed as a trivial module over any group G.

Definition 3.1.5. Let G be a group and let A be a G-module. The set of G-invariants is
the set
A ={acAlga=aVgeG}

If there is a morphism of G-modules f : A — B, then the restriction of f to A maps
into B¢, so there is an “induced” map f : AY — BY. Thus the assignment A — A% is a
(covariant) functor from the category of G-modules to the category of abelian groups. (We
could think of A% as a G-module, but the G-action is trivial, so this is not so useful.)

Definition 3.1.6. Let G be a finite group. The norm element of Z|G]| is

NG:ZQ

geG

Example 3.1.7. Let G = Z/nZ be a finite cyclic group with a generator o. The norm
element of Z[G] is
Ne=1+o+0c*+ - +0o""

Definition 3.1.8. Let G be a group. The augmentation map is the ring homomorphism
€ : Z|G] — Z given by
PRLTED I

geG geG

It is clearly surjective. The augmentation ideal I is the kernel of €. Note that I is the
ideal of Z[G] generated by elements of the form g — 1.

Lemma 3.1.9. Let G be a group.

1. If G s finite, let Ng be the norm element. Then

Z[G)® = ZNg = {mNg | m € Z}

2. If G is infinite, Z|G])% = 0.
3. If G is finite, view Ng as a map Z|G] — Z|G|. The kernel of this is I5.
Proof. (1) The inclusion ZNg < Z[G]% is clear. For the reverse inclusion, suppose x €

Z|G]%. Write z as
T = Zagg

geG

For o € G, we have

O=ocr—z= Z ag0g — Zagg = Z Uy-140G — Z ag9 = Z(agqg —ag)g

geG geG geG geG geG
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Thus a,-14,—a, = 0 for every o € G. Since G acts transitively on itself by left multiplication,
all the coefficients a, must be equal. That is, x € ZNg.

(2) By the same argument as in (1), an element of Z[G]% has all equal coefficients. Since G is
infinite, all the coefficients must then be zero, because only finitely many nonzero coefficients
are allowed.

(3) To show Ig C ker Ng it suffices to show that g — 1 € ker Ng for all ¢ € G. This is a
simple computation, which we leave to the reader. For the reverse inclusion, let x € ker Ng.

x:Zagg

geG
Then
0= Ngx = th%g: Z (Z ag> o
heG geG c€G \hg=c
Thus

Zag:()

hg=o
for all o € G. For fixed o, this sum is equal to EgGG ag, SO dec ay = 0, which is to say,
T € kere = Ig. O

Definition 3.1.10. Let G be a group and A be a G-module. The set of G-coinvariants is
Ag = A/IcA

Note that this is not nearly as important as A%, even though it plays something of a dual
role. Similarly as with A®, a morphism of G-modules f : A — B induces a morphism
Ag — Bg, making the assignment A — Ag into a functor.

3.1.1 The standard resolution of Z

Definition 3.1.11. Let G be a group and Z a trivial G-module. Define d; : Z|G*"!] — Z|GY]
by

)

di(gos -, 9:) = D (1) (905, Gjs -, 9:)

Jj=0

The standard resolution of Z is

L 7Y -2 7[6?Y - Z|G) —» Z —— 0

Note that this is exact (exercise to check), and Z[G'] is a free Z|G]-module, so this is a
projective resolution of Z in the category of G-modules.

Remark 3.1.12. Warning: Z[G'] is not the same as Z[G]". Z[G]' is a free Z|G]-module of
rank 7. Z[G'] is also a free Z[G]-module, but it only has finite rank if G is finite, and even
when it has finite rank, the rank is not necessarily .
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3.2 Definitions of group cohomology

We now define our main object of study, the group cohomology groups H*(G, A). Or prefer-
ably, the real object of interest is the functor H*(G, —) which takes A to H'(G, A). We give
several equivalent definitions, becuase it is always good to have different ways to think about
the same thing. We won’t go into all the details of why these are equivalent.

3.2.1 In terms of a projective resolution of Z

Definition 3.2.1. Let G be a group, let A be a G-module, and let
o= PP =P —=7Z—0

be a projective resolution of Z as a trivial G-module. We apply the contravariant functor
Homy[G](—, A) to this and drop the Z term to obtain a chain complex

0— HOH]Z[G](PO, A) — HOII]Z[G](Pl, A) — HOII]Z[G](PQ, A) —

Then we define the ith cohomology group of G with coefficients in A, denoted
H{(G, A), to be the ith homology of this chain complex.

Due to various standard results in homological algebra, this is independent of the choice
of projective resolution, and by Proposition such resolutions exist in the category of
Z|G]-modules. Even better, there is always a free resolution, called the standard resolution,
see Definition B.1.11]

This definition is computationally approachable in some basic cases which are very important,
most notably the case where G is cyclic, see section [3.3.1]

3.2.2 As derived functor of G-invariants

Now we give an alternate definition of H'(G,A) in terms of right derived functors and
injective resolutions.

Definition 3.2.2. Note that the functor A — A% is left exact (do not waste your time
verifying this directly, we will show it in a minute). We denote this functor by (—)¢. Then
we may form its right derived functors, which we denote by H'(G,—). Note that it is
immediate from this definition that H°(G, A) = AC.

The previous definition is rather hard for someone not familiar with the whole machinery of
derived functors, but this is why we provide a few definitions. The functor (—)“ is not so
well known, but it turns out to be just another well known functor in disguise, due to the
next lemma.

Lemma 3.2.3. There is a natural isomorphism of (covariant) functors (—) = Homgy g (Z, —).
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Proof. For a G-module M, we define a map
@y : Homgq)(Z, M) — MS ¢ — ¢(1)
First note that the image lands in M because for g € G, ¢ € Homyg(Z, M),
g-(6(1) = d(g-1) = ¢(1)
since Z is a trivial G-module. Also note that ®,; is a morphism of abelian groups, because

Pp(p+ 1) = (0 +¥)(1) = o(1) + (1) = Prr(@) + Pus ()

To show that ®,; is an isomorphism, we construct an inverse map
Wy, MC — Homg(Z, M) (qu(m)) (1) =m
We verify that the composition both ways gives the identity.
Ol (m) = @ar(Was(m) = (Lar(m)(1)) = m
(0ar@2(9)) (1) = (War(6(1))) (1) = 6(1)

Thus @, is an isomorphism. Finally, to check that ®,; provides an isomorphism of functors,
we verify that the following square commutes for any morphism f : M — N of G-modules.

Homzqy(Z, M) —— Homge(Z, N)
J/(PJVI l‘I’N
ME ! » NG
where f.¢ = f¢. This is easy to check.
Oy fi(d) = Pn(fo) = (f0)(1) = f(o(1)) = f(Pam(1)) = fPu(0)

]

Since Hom (X, —) is left exact for any X, this shows that (—)% is a left exact functor. The
derived functors of Hom are also known by the name Ext’, so we can write

As noted in the introduction, this characterization has several advantages, notably it implies
the existence of a long exact sequence of cohomology groups associated to a short exact
sequence of G-modules.

Another advantage is that it tells us that we can compute group homology groups using
injective resolutions as well. By Proposition [I.4.6] there is an injective resolution of a G-
module A,

0O>A—=>Iy—>1 — -

Then applying the (covariant) functor Homgg(Z, —) and dropping the A term we obtain a
chain complex
0— HOle[G]<Z, ]0) — Homz[g] (Z, [1) —

and then the ith homology of this complex is H'(G, A).
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3.2.3 Cohomology via cochains

Finally, we give the most hands-on definition of group cohomology using cochains. This
is frequently the first definition presented, but we put it last to emphasize the categorical
approach of the other definitions. The cochain description is frequently very useful in proofs
and especially useful for describing induced maps on cohomology, but it is quite unwieldy to
work with in more complicated situations.

Definition 3.2.4. Let A be a G module. For ¢ > 0, let
C'(G,A)={f:G"— A}

(These are functions with no additional conditions, in particular they are NOT required to
be group homomorphisms.) Note that C*(G, A) is an abelian group via pointwise addition.
It is called the group of i-cochains. Define dy : C(G, A) — C**1(G, A) by

di(f)(gmgla s 7.gi) = gOf(917 s 7gz)
+ Z gOa vy 95-2,9j-195, Gj+1, - - - agz)

+ (_1)Z+1f(90, o Gie1)

A standard calculation show that d"'d’ = 0, so the groups C*(G, A) form a chain complex.
Define Z'(G,A) = kerd® and BY(G,A) = imd'~!, and HY(G,A) = Z'(G,A)/B(G, A).
ZY(@, A) is the group of i-cocycles, and BY(G, A) is the group of i-boundaries.

Definition 3.2.5. A G-module homomorphism « : A — B induces a homomorphism o’ :
C{(G,A) — CYG, B), f = af. Note that this makes C*(G, —) a (covariant) functor from
G-modules to abelian groups. One can verify that C*(G, —) is an exact functor.

Note that o’ commutes with the differentials d’, so o induces a morphism of chain com-
plexes a* : C*(G, A) — C*(G, B).

Ci(G, A) —2 C*Y(G, A)

lavz lai-u

7

Ci(G, B) 2 ¢t (@, B)

Thus « induces maps on the homology of the respective chain complexes C*(G, A), C*(G, B).
This is the induced map on group cohomology H' (G, A) — H'(G, B). We can describe
HY(G,A) — H'(G, B) explicitly as follows: given ¢ € H' (G, A), choose a representative
¢ € kerd', C C'(G, A), which is a map G' — A. The composition ag : G' — B is in ker di,
and the image of ¢ in H'(G, B) is the class of ag.

Remark 3.2.6. There is a natural isomorphism of functors Homg ) (Z[G"], —) = C*(G, —),

and these isomorphisms commute with the differentials on the chain complexes Homgg (Z[G*11], A)
and C*(G, A), so they induce natural isomorphisms on homology. This provides the final
needed equivalence between the definitions of H'(G, A) in terms of cochains with the defini-

tion in terms of projective resolutions, but we omit the details.
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3.2.4 Explicit description of cocycles and coboundaries in degrees
0,1,2

Let G be a group and let A be a G-module. We describe H(G, A), H'(G, A), H*(G, A) as
explicitly as possible in terms of cochains, cocycles, and coboundaries. We already know
that H°(G, A) = A%, but we want to see why this happens in terms of cochains.

First, we describe the boundary maps d°,d', d? of the chain complex of cochains. Let
f be a cochain. Depending on the context, f lies in C%(G, A), C1(G, A), or C*(G, A). Let
90, 91, 92 € G.

(df)(g0) = gof — f
(d" f)(g0.91) = 9of (1) — f(g091) + f(g0)
(d*f) (g0, 91, 92) = gof (91, 92) — f(9og1. 92) + f (90, 9192) — f (g0, 91)

In degree zero, a cochain is a set map f : G° — A. Since G is a point, we identify f with a
point in A. In degree zero, there is no image to quotient out by, so

H(G,A) =kerd = {f € Al gof = f, Vg0 € G} = A®

which is good, because we already knew this is what it should be. Perhaps this is an abuse
of the = sign and we should really write =, but whatever. In degree one,

imd"={f:G— A|3ac A, f(g)=goa—a, Vg € G}
kerd' = {f: G = A| f(g091) = 90f(91) + f(90), Y90, 91 € G}

Thus we may describe H!(G, A) as equivalence classes of functions G — A which satisfy the
cocycle condition f(gog1) = gof(g1) + f(go) with equivalence classes given by considering
functions g — (g — 1)a to be zero.

kerd'  {f:G = AJ f(9091) = 90f(91) + f(g0), Y90, 91 € G}
imd®  {f:G—= A|3ac A, flg)=goa—a, Vg € G}

In particular, we notice that if A is a trivial G-module, then the image of d° is trivial, since
goa —a = 0 for all gy € G,a € A, and the kernel of d' is the set of group homomorphisms
G — A, since gof(g1) = f(g1). Since A is abelian, any group homomorphism G — A factors
through the abelianization, so we have proved the following proposition.

HY(G,A) =

Proposition 3.2.7. Let G be a group and A be a trivial G-module. Then
HY(G, A) = Homg,, (G, A) = Homg (G™, A)

Note that if A is not a trivial G-module, this is far from true.
Degree two is the last place we can reasonably write down the cocycle and coboundary
conditions explicitly and hope to have it be useful (even this is of dubious value).

imd' = {f:G* = A|3]:G > A, f(g0,9) = 0f(91) = Flgog) + Flg0), Yoo, 1 € G}
kerd” = {f:G* = A| gof(91,92) — [ (9091, 92) + [ (90, 9192) — [ (90, 91) =0, Ygo, 91,92 € G}

G = Al gof(g91,92) — f(g091, 92) + f (90, 9192) — f(g0, 1) = 0, Vg0, 91,92 € G}
{£:62 5 A413F:G = A, Flo0.9) = 90f(91) = Flg091) + Flg0), Vo0, 01 € G}

(G, A) = 1
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3.3 Cohomology for cyclic groups

With our definitions in hand, we set out to do some calculations. We should at least be able
to calculate some cohomology groups in simple cases, like when G is uncomplicated (such as
G being cyclic) or when the G-action on A is trivial.

The case of G being cyclic can be done about as explicitly as possible. Somewhat sur-
prisingly, even when G acts trivially on A, H*(G, A) and higher cohomology groups do not
have a very simple description.

3.3.1 Cohomology of a finite cyclic group

Proposition 3.3.1. Let G = Z/nZ{c) be a finite cyclic group of order n with generator o,
and let A be a G-module. Let

n—1
Ne=)Y g=)Y o'=l+c+-+o""
=0

geG

be the norm element of Z|G|, which we also view as a map Ng : A — A. Then

AC i=0
H'(G,A) =< kerNg/(c —1)A i=1,3,...,
A% /NgA i=24, ...

Proof. We denote Ng by N. We have the following periodic projective (actually free) reso-
lution of the trivial G-module Z, where € is the augmentation map, characterized by o — 1
and Z-linearity.

N zi6) =5 z[6) 2 Z[G) IS ZG) —— Z > 0

It is immediate to check that this is a chain complex, and not terribly hard to check that
it is in fact exact. Then we apply Homgg(—, A) and drop the Z term to obtain a complex
whose homology is H' (G, A).

0 —— Homp(Z[G], A) 5 Homyg(ZG), A) —Y Homge(Z[G), A) 5 ...

Since Homg(Z[G], A) = A via ¢ — ¢(1), we have an isomorphism of chain complexes

0 —— Homze(Z[G), A) T Homye)(Z[G], A) —Y Homye(Z[G), 4) 5 ...
0 s A o1 s A N s A o1 .o

The maps on the bottom row of A’s are determined by commutativity of this diagram, and
thinking about the exact description of the isomorphism Homgzq(Z[G], A) = A says that
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they must be as written. Thus

ker(o — 1) i=0
H'(G,A) =< kerN/(0 —1)A i=1,3,...
ker(c —1)/NA i=2/4,...

Since the G-action is determined by the action of o, we see that ker(oc — 1) = A%, hence the
result. O]

Corollary 3.3.2. Let G = Z/nZ{c) be a finite cyclic group and A a trivial G-module. Then

A i=0
H(G,A) =< ,A i=1,3,...,
A/nA i=2.4,...

where ,, A is the n-torsion subgroup of A.

Proof. Since A is a trivial module, A = A, and the norm element just acts by multiplication
by |G| =non A, and (60 —1)A = 0, so the result is immediate from the previous calculation.
O

As a somewhat interesting application of the previous calculations, we have a cohomology
calculation for a matrix group.

Proposition 3.3.3. Let p be a prime, and consider M = IF]% (viewed as column vectors)
with the standard action from GLo(F,) (by left matriz multiplication). For any subgroup
G C GLy(F,), HY(G, M) has order 1 or order p. If p =2, then the order is 1.

Proof. Let G, C G be a Sylow p-subgroup. Note that since the order of GLy(TF,) is (p* —
p)(p* —1) =p(p — 1)*(p + 1), any Sylow p-subgroup has order p or 1.

Because pM = 0, H'(G, M) is a p-torsion group. Since Res : H'(G, M) — H*(G,, M)
is injective on the p-primary component (Corollary 1.8.24 of Sharifi [I5]), this says that
Res: HY(G, M) — H'(G,, M) is injective.

If G, = 0, then HY(G, M) = H'(G,, M) = 0 and there is nothing to prove, so suppose
G, has order p. Since all p-Sylow subgroups are conjugate, G, is conjugate in GLo(F,) to
the cyclic unipotent subgroup U generated by

(11

o1
Then G, =2 U so HY(G,, M) = H'(U, M). So to show that H'(G, M) has order 1 or p, it
suffices to show that H'(U, M) has order 1 or p (since the restriction map embeds H'(G, M)

into H'(G,, M) =2 H'(U, M)). Since U is fintie cyclic (of order p), by the computation of
cohomology for finite cyclic groups,

HY(U,M) = ker N/(u — 1)M
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where N =1+ u+ -+ uP~! € Maty(F,) is the norm map. For p odd,

1

(00 -(08) -
(6066

So for p odd, ker N = F2, and for p even, ker N = F,, = Fpe,, generated (as a U-module) by

é . The other part we need for H'(U, M) = ker N/(u — 1)M is (u — 1)M, which is

F,eq1. Thus we obtain

p

N =

For p =2,

€1 =

0 p=2
HYU,M) = {F 2
p
O

Remark 3.3.4. The previous proof says a little bit more than the proposition asserts. It
says that if p is odd and G C GLy(F,) is a Sylow p-subgroup (so it has order p), then
HY G, M) =T, =~ Z/pZ.

It also says that if p does not divide the order of G C GLy(F,), then H (G, M) = 0,
since G, = 0 and H'(G,, M) = 0. On the other hand, if p does divide the order of G, all
the proof tells us is that H*(G, M) embeds into H(G,, M) = Z/pZ, so H'(G, M) may be
zero or Z/pZ, we don’t know for sure. Perhaps other methods exist to sharpen this, but this
proof does not accomplish this.

3.3.2 Cohomology of infinite cyclic group

After our success with finite cyclic groups, the infinite cyclic group seems a likely target for
the next attack.

Lemma 3.3.5. Let G be a group and let € : Z|G] — Z be the augmentation map,
e<2a9g>zz% ag € Z
geG geG
The kernel of € is equal to the ideal I C Z|G] generated by elements g — 1 for g € G.

Proof. Tt is clear that for g € G, e(g—1) = 0 so I C kere. Conversely, if x = > a,g € kere,
then

0=« (Z%g> Yy = Y=g - Y ay =Y ay(g— 1)

geG geG geG geG geG geG

sox € Ig. O
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Remark 3.3.6. The previous lemma works in a more general setting which we will only
rarely need. Replacing Z with an arbitrary commutative unital ring R, we can form a group
ring R[G], and an augmentation map

e: RG] - R Zaggrﬁz%

geG geG

Then by the same argument as above, the kernel of € is exactly the ideal of R[G] generated
by elements g — 1.

Proposition 3.3.7. Let G be an infinite cyclic group with generator o. Then
0> 2Z[G] &5 2[G] S Z —0

is a free resolution of Z as trivial Z|G)-module. Thus

AC 1=20
H(G,A) =S A/)(c—1)A i=1
0 1>2
Proof. Tt is clear that € is surjective. To verify injectivity, suppose = = dec agg =

>iezaiot € ker(o — 1). Since oz — x = 0, all the coefficients of 2 must be the same.
Since z can have only finitely many nonzero coefficients, they must all be zero. Regarding
exactness at the middle term, in the language of the previous lemma, kere = I5. Since G is
cyclic, I is generated by o — 1, which is to say, 15 is the image of o — 1, so the sequence is
exact.

From this resolution, we apply Homgg(—, A) and drop the Z term to obtain a complex
whose homology is H*(G, A). We also have canonical isomorphisms Homy)(Z[G], A) = A,
which gives an isomorphic complex whose homology is easier to read off.

0 —— HOIIIZ[G] (Z[G],A) ﬂ) HOIHZ[G] (Z[G],A) — 0

<_
1%
Il

0 y A o1 y A

e}

From the bottom complex, we read off

ker(oc —1) = A% i=0
H (G,A) =< A/(c —1)A i=1
0 i>2

3.4 Long exact sequence of cohomology

We have alluded to the long exact sequence for too long without stating it, so here it is.
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Theorem 3.4.1. Let G be a group and let 0 - A — B — C' — 0 be a short exact sequence
of G-modules. Then there is a long exact sequence

0— HYG,A) — H°(G,B) - H(G,C) - H'(G,A) - H'(G,B) — - -
where the maps H'(G,A) — H'(G, B) — H'(G,C) are the usual induced maps on cohomol-
0gy.

Proof. Fix a projective resolution P, — Z — 0. Then we have a short exact sequence of
chain complexes

v v v

0 —— EkﬂnzKﬂ<f%,z4) E— Eknnzﬂﬂ(fﬁ,zq) — EkﬂnzKﬂ<fé,fU —_—

~ ~ ~

0 —— IIOnlzKﬂ([%,lg) — I{OnlzKﬂ(}ﬂ,lg) E— }1onlzKﬂ(fé,lg) —_— -

~ ~ ~

0 —— IiOleKﬂ(}%,(j) — Iionﬂzkﬂ(}ﬂ,(j) E— IionlzKﬂ<}é,(j) —_—

v v v

0 0 0

The columns are exact since P; is a projective Z[G]-module. Note that the homology of the
chain complex rows is exactly H(G, A), H'(G, B), H(G, C) by definition of group cohomol-
ogy. Thus applying Proposition [1.3.1] we obtain the desired long exact sequence. O

Remark 3.4.2. There is an analogous long exact sequence for group homology (this will
make sense only after we define group homology, but it is convenient to talk about this here).
Given a short exact sequence of G-modules 0 - A — B — C' — 0, there is a long exact

sequence
-+ — H{(G,C) = Hy(G,A) — Ho(G,B) — Ho(G,C) = 0

3.5 H*G,A) and group extensions

We have seen that in degree zero, H°(G, A) is just A®. We also saw that when G acts
trivially on A, H'(G, A) is just Hom(G, A) (Proposition [3.2.7). The next goal is to describe
a somewhat analogous description of H?(G, A), using something more tangible than cocycles.

Definition 3.5.1. Let G be a group and A be a G-module. Consider a short exact sequence
of groups
l1-A—-FE—->G—=1

By assumption, A has some action of G. Since A C F is the kernel of a group homomorphism,
A is a normal subgroup so there is the conjugation action

ExA— A e-a=eae
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which factors through E/A to induce an action
(GZE/A)x A=A €-a=-eac”’

We call the exact sequence 1 - A — E — G — 1 an extension of G by A if these two
G-actions coincide.

Example 3.5.2. The previous definition is unfortunately cumbersome, but in the case where
A is a trivial G-module we may simplify it greatly. In this case the G-action on A is just

GxA— A g-a=a

so the requirement for the actions to agree just means that

ExA— A c-a=-ecae ' =a

which is equivalent to saying that the image of A under A — E is contained in the center of
E.

Definition 3.5.3. Let GG be a group and A be a G-module. Two extensions E, E' of G by A
(in the sense of Definition |3.5.1]) are isomorphic if there is an isomorphism of short exact
sequences as depicted below.

1 s A s B s G s 1

1 s A s B s G s 1

The set of isomorphism classes of such extensions is denoted Ext(G, A). An extension is
split if there is a group homomorphism G — E so that the composition G — E — G is the
identity on G (this is equivalent to E being the semidirect product of G and A, utilizing the
G-action on A for the semidirect product).

The set Ext(G, A) has a “natural” structure of an abelian group given by Baer sum, which
we neglect to describe in detail at this time. However, we do note that the identity element
of this group is the isomorphism class of the split extension.

Theorem 3.5.4. Let G be a group and A a G-module. There is an isomorphism of groups
H?*(G, A) 2 Ext(G, A).

Proof. A description of the correspondence as sets (ignoring group structures) is given in
Example 3.2.6 of Gille & Szamuely [4], who also refer the reader to Section 6.6 of Weibel
[16] for more details. A detailed proof and description of Baer sum in the case where A is a
trivial G-module is given in Theorem 4.1.16 of Rosenberg [13]. O

Corollary 3.5.5. Let G be a group and A a trivial G-module. Then every central extension
of G by A is split if and only if H*(G, A) = 0.

Proof. Immediate consequence of Theorem [3.5.4] O

20



3.5.1 Application - a special case of the Schur-Zassenhaus theorem

The general Schur-Zassenhaus theorem is the following.

Theorem 3.5.6. Let G be a finite group with H C G a normal subgroup with ged(|H|, |G/ H|)
1. Then G is isomorphic to a semidirect product of H and G/H.

In this section we will use the correspondence between H? and group extensions to prove
this in the special case where H is abelian (Proposition [3.5.9)).

Lemma 3.5.7 (Coprime order makes cohomology trivial). Let G be a finite group of order
n and A be a G-module which is a finite abelian group of order m, such that ged(n,m) = 1.
Then fori>1,

H'(G,A)=0

Proof. Since elements of H*(G, A) are represented by cocycles which are functions G* — A, it
is clear that H'(G, A) is a finite group. From the Cor o Res composition (Proposition,
we know that H'(G, A) is annihilated by the order of G. Tt is also clear that a function
G' — A is annihilated by the order of A. Thus H'(G, A) is annihilated by ged(n,m) = 1,
which is to say, it is the trivial group. O]

Remark 3.5.8. Let G be a group with abelian normal subgroup H. The conjugation action
of G on H induces an action of G/H on H, described explicitly by

G/HxH—-H  gH-h=ghg'

where ¢ is any coset representative of gH. Since H is normal, ghg~t € H. We verify that
this is well defined. Let ¢g,¢' € gH, so g~ ¢’ € H. Then

(97" )(g™'g) " =h = ghg™ = g'h(g)"
The equality on the left uses the fact that ¢~ '¢’ € H and that H is abelian.

Proposition 3.5.9 (Special case of Schur-Zassenhaus). Let G be a finite group with H C G
an abelian normal subgroup with ged(|H|, |G/H|) = 1. Then G is isomorphic to a semidirect
product of H and G/H.

Proof. Using Remark H is a G/H-module. Since H is abelian, by the correspondence
between H? and group extensions, elements of H?(G/H, H) correspond to isomorphism
classes of extensions

l1-H—-F—G/H—1

and furthermore such an extension is split by a group homomorphism G/H — FE if and only
if the corresponding class in H*(G/H, H) is trivial, which by the splitting lemma for groups
is equivalent to saying that £ is a semidirect product of H and G/H. One obvious choice
of such an extension is

l1-H—-G—->G/H—1

where H < G is the inclusion and G — G/H is the quotient map. (A little thought
verifies that this satisfies the compatibility between the two possible G-actions as required

in Definition [3.5.1}) Since ged(|H|,|G/H|) = 1, by Proposition H*(G/H,H) =0, so
the extension G must correspond to the trivial element, which is to say, it is split and G is
isomorphic to a semidirect product of H and G/H. O
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3.6 Group homology

While we are primarily focused on group cohomology, it will be useful to know about group
homology as well. If the reader has heard of Ext functors, they have probably seen Tor as
well. The relationship between group cohomology and group homology is very analoguous
to the relationship between Ext and Tor.

While we could give a longer description of various equivalent definitions of group homol-
ogy, the discussion would be much the same in flavor as that for group cohomology. Since
we won’t work with homology as much, we shorten the discussion.

3.6.1 Definition of group homology

Definition 3.6.1. Let G be a group and A a Z-module. We define

H;(G, A) = Tory g (Z, A)
H'(G,A) is called the ith homology group of G with coefficients in A. That is,
H;(G,—) is the ith right derived functor of the left exact covariant functor — ®zg A.

Remark 3.6.2. Having defined H;(G, A) in terms of Tor, we have the usual method of com-
putation. Take a projective resolution of Z by G-modules (possibly the standard resolution

BL1I).

—)Pl—)P0—>Z—>O
Apply the (covariant) functor — ®z(g) A and drop the Z term to obtain a chain complex
"'_>P2®Z[G]A_>P1®Z[G]A_>PO®Z[G]A_>0

Then the ith homology of this complex is H;(G, A) = ToriZ[G] (Z,A). Alternatively, since
tensor and Tor are symmetric up to natural isomorphism, we can start with a projective
resolution of A by G-modules,

o= PP —-A—=0

and apply the (covariant) functor Z ®z — and drop the A term to obtain a chain complex
whose homology is also H;(G, A).

"'_>Z®Z[G]P2_>Z®Z[G]P1_)Z®Z[G]PO_>O

Definition 3.6.3. Let A be a G-module. We define A = A/IgA, that is, the maximal
quotient of A fixed by G. Ag is called the group of G-coinvariants. Note that Z[G]g =
Z|G)/Ig 2 7.

Remark 3.6.4. In analogy with Lemma there is a natural isomorphism of functors
(—)e = Z @) (—), which means that we could have alternatively defined H,(G, —) as the
right derived functors of (—)s. One consequence of this is that Hyo(G, A) = Ag.

Definition 3.6.5. The group Hy(G,Z) is the Schur multiplier of the group G.

Schur multiplier groups will not be important for the rest of these notes on group cohomology.
We just note this here because of the connection with algebraic K-theory, which is the
following: For a ring R, the Schur multiplier of the matrix group E(R) can be identified with

Ky (R), see Corollary [5.5.21]
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3.6.2 Group homology for cyclic group

We essentially repeat the calculation for group cohomology when G is cyclic, except for
homology.

Proposition 3.6.6. Let G be a finite cyclic group with generator o and let A be a G-module.
Then
Al(c —1)A 1=0
H;(G,A) = ¢ A°/NgA i=1,3,---
ker Ng/(c —1)A i=24,---
Proof. We start with the same projective resolution of Z as in the calculation of cohomology
for finite cyclic G (Proposition 77).

L 716) 4 76) -5 ZIG) — Z —— 0

then apply (covariant) — ®zq) A and drop the Z term. Similar to before, we have very
convenient isomorphismes.

Z[G) ®zicy A 2N Z[G) @) A""2H LG @iy A —— 0

lg E E

o—1 Ng o—1
s A s A s A s ()

O’*l@ldA
“ e —>

From this, we read off the homology and it is exactly what we claimed. Note that ker(c—1) =
AC, O
3.6.3 H((G,Z)=G»®

There isn’t much suspense here - the section title gives it all away. We will give a description
of Hi(G,Z) in the case where G is any group, and Z is a trivial G-module. T like to think of
this as a dual/companion result to the isomorphism

HY(G, A) = Homgz(G*", A)

from Proposition [3.2.7]

Proposition 3.6.7. Let G be a group and view Z as a trivial G-module. Then
H(G,Z) = 1)1} = G™

Proof. Consider the short exact sequence of G-modules

0 > g —— Z|G] —— Z > 0

Since Z[G] is a free (hence flat) Z[G]-module, H,(G, Z|G]) = 0, so the low degree part of the
associated long exact sequence on homology is

0 —— H\(G,Z) —2— Hy(G,Ig) —— Ho(G,Z|G])) —=— Ho(G,Z) — 0
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In a more useful form, these terms are
Ho(G, 1g) = (Ig)e = 1g/1¢
Hy(G, ZIG)) = ZIGla = ZIG) /I 2 Z
Ho(G,Z) =Z¢ =7]1cZ =7

Since € vanishes on I, the induced map e, : Z[G]/l¢ — Z is an isomorphism. Then by
exactness, the connecting homomorphism ¢§ gives an isomorphism

H\(G,Z) = I/ 1}
Now we show /I3 = G*. Consider the map
¢:G—=1g/IG  grrg—1
This is a group homomorphism because
¢(gh) =gh—1=gh—1—(g—-1)(h—1)
=gh—1—-gh+g+h—-1=g—1+h—-1
= ¢(g) + ¢(h)

Furthermore, since I5/I% is an abelian group, ¢ vanishes on the commutator subgroup [G, G]
and induces a homomorphism

GG = Ig/lZ g g—1

To show this is an isomorphism, we construct an inverse map. Since I is the free Z-module
generated by elements g — 1 for g € GG, the assignment

Vilg =GP  g—1m7
extends to a group homomorphism by Z-linearity. Now note that for g, h € GG, we have
(9-Dh—-1)=gh—g—h+1=(gh—-1)—(¢g—1)—(h—1)

Applying v to both sides of the equation we obtain

(9= 1(h=1) = ghg 0!
Thus ¢ vanishes on I%, and induces a map

Vilg/lE —G® g—1w7
It is clear that ¢, are inverses, so G* = I /2. O

This gives a nice criterion for a group to be perfect in terms of homology. This turns out to
be useful in the context of algebraic K-theory.

Definition 3.6.8. A group G is perfect if G = [G, G].

Corollary 3.6.9. A group G is perfect if and only if Hi(G,Z) = 0.

Proof. By Theorem H\(G,7) = G* =G/|G, G, so
G=[G,G] <= G*=0 < H(G,Z)=0
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3.6.4 Universal coefficient theorem and Kunneth formula

The next theorem says that the module Z, viewed as trivial G-module, does a lot to “control”
other cohomology groups H' (G, A). So Z is a sort of “universal coefficient” module.

Theorem 3.6.10 (Universal coefficient theorem). Let G be a group and A be a trivial G-
module. Then for k € Z>,, there is a split short exact sequence

0 — Exty(Hy 1(G,7Z),A) — H*(G, A) — Homy(Hy(G,Z), A) =0
Proof. Rosenberg [13] 4.1.13. O

Theoretically speaking, the universal coefficient theorem says that group cohomology
H'(G, A) is entirely determined by group homology (in the case where G acts trivially on
A). Since the sequence is split, the middle term is isomorphic to the direct sum of the outer
terms, which depend only on group homology.

Even more, the module A is mostly irrelevant, since it suffices to compute group homology
groups with the module Z. The module Z is the group of “universal coefficients,” whence the
name of the theorem. So one could maybe think that we could forget about group homology,
and just work with groups acting trivially on Z, and see what happens.

While this has some interesting theoretical value, in practice it is still much nicer to
actually work in group cohomology. First of all, not all modules are trivial, in fact, the
primary example we gave in the introduction of a Galois group acting on the top field of a
field extension is not a trivial module, and this is a central motivating example. Secondly,
group homology and Ext and Hom groups are not necessarily that much easier to calculate
that cohomology groups.

Nevertheless, the universal coefficient theorem is often useful, especially the fact that the
exact sequence is split. The next corollary provides an example of this.

Corollary 3.6.11. Let G be a group. Then H*(G,A) = 0 for all trivial G-modules A if and
only if G* is free abelian and Hy(G,Z) = 0.

Proof. Consider the split short exact sequence of the universal coefficient theorem [3.6.10]in
the case k = 2.

0 — Exty(H,(G,Z), A) — H*(G, A) — Homy(Hy(G,Z), A) — 0

Since this is split, H*(G, A) is isomorphic to the direct sum of the outer terms, so H*(G, A)
vanishes if and only if both outer terms vanish. By Theorem H,(G,7Z) = G*. Thus

Ext}(H,(G,7Z), A) = Ext} (G, A)

which vanishes for all A if and only if G?" is a projective Z-module, which is to say, if and
only if G2 is free abelia Similarly,

HomZ(H2(G7 Z)a A)
vanishes for all A if and only if Hy(G,Z) = 0. O

!Since projective <= free for modules over a PID, such as Z.
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Both the universal coefficient theorem and the Kunneth formula, which is next, originally
arose in the context of algebraic topology, to the best of my knowledge. They turn out to
be true in the more purely algebraic group cohomology context as well.

Theorem 3.6.12 (Kunneth formula). Let G, Gy be groups and M an abelian group, viewed
as a trivial module over G, Go, G1 X Go. Then

H,(Gyx Gy, M) = (@ H,(Gy, M) ®Hj(G2,M)>@< D Tor} (Hi(Gl,M),Hj(GQ,M)>)

itj=n i+j=n—1

Proof. Unfortunately, I do not know a good source for this. O]

The next computation gives an example usage of the universal coefficient theorem and Kun-
neth formula.

Proposition 3.6.13 (Rosenberg [13| Exercise 4.1.26). Let G = Z/27Z & Z/2Z and view Z
as a trivial G-module.

1. Hi(G,Z) 2 7/27. ® 7.]27
2. HyG,7) =2 7/27
3. HXG,Z) 2 7)27. ® 7)27. & 7./]27

Proof. For (1), we apply the Kunneth formula, and our computation of cohomology for finite
cyclic groups, and various standard facts about Ext and Tor.

H1<(Z/QZ)2,Z> S (HO(Z/2Z,Z) ® H\(Z/2Z, Z))
& (Hl(Z/2Z,Z) ® Ho(Z/2Z, Z))
& Tork (HO(Z/QZ, 7)Ho(Z,/2Z, Z))
~ (z ® Z/2Z) ® (Z/2Z ® Z) @ Torl(Z, Z)
>~ (Z/27.)*
For (2) we again use the Kunneth formula.
H2<(Z/2Z)2,Z> ~ (HO(Z/QZ,Z) ®H2(Z/ZZ,Z)>
® (Hl(Z/QZ, Z) ® H,(Z/2Z. Z))
® (HQ(Z/QZ, Z) ® Ho(Z,/2Z. Z))
@ Torl (HO(Z/QZ, 7), H\(Z,/2Z, Z))
& Torl (Hl(Z/QZ, 7)., Hy(Z/2Z, Z))

> (Z®0)® (Z/2ZRZ/27) ® (0 ® Z)
@ Tory(Z,7Z/27) @ Tory(Z/27,7.)

>~ 7./27 @ 7.)27

>~ 7./27
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For (3), the universal coefficient theorem gives a split exact sequence
0 — Exty,((Z/2Z)* Z)2Z) — H*(V,Z/2Z) — Homy(Z/2Z,7./27) — 0
Clearly Homy(Z/27,7,/27) = 7Z,/2Z. By a well-known computation, the Ext term is
Exty,((Z/27)?, 7.)27) = Exty,(Z/27Z, 7.)27) ® Exty (727, 7./27) = (Z.)27)*
Thus we have a split exact sequence
0 — (2/22)* — H*(V,Z/27) — 7.)27) — 0
hence H*(V,Z/27) = (Z/27)3. O

3.7 Tate cohomology of finite groups

In the case where G is finite, we can combine all of the information of group cohomology
and group homology into one infinite sequence of cohomology groups, which are called Tate
cohomology groups, and denote H'(G, A). Let me repeat for emphasis: the Tate cohomology
groups will only be defined when G is finite. It is meaningless to talk about Tate cohomology
when G is infinite.

For ¢« > 1, they are the same as group cohomology groups. For ¢ < 1, they are the
same as group homology groups. In degrees —1,0, we make some special definitions, which
seem somewhat unmotivated at first. It is not immediately clear that these are the “right”
definitions. But eventually some of the theorems begin to show how the definitions in degree
—1 and 0 couldn’t be anything else to make the theory hang together.

Perhaps the simplest motivation for the definition is that of a cyclic group. Recall that
if G is finite cyclic, then the groups H'(G, A) are 2-periodic, starting with ¢ = 1 and i = 2.

]{1(G714)g]—‘,3(G714),E HQ(G7A)’£JH4<G7A>§

One way to think of Tate cohomology groups in degrees zero and one is that they are defined
so that this pattern continues in degrees zero and one. So (in the case of G being finite
cyclic) we want

H Y (G, A) 2 HY(G,A) 2 HYG,A)~-..  H%G A~ H G A)~H (G A~

3.7.1 Definition of Tate cohomology
Definition 3.7.1. Let G be a finite group, and let
Ne = Z g € Z[G]
geG

be the norm element. Let A be a G-module, and view Ng as a map A — A. The image
lands in A%, since for 0 € G, cNg = Ng. Also, Ng vanishes on I since (0 — 1)(Ng) = 0.
Thus Ng induces a map

Ng : AG — AG
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We define R R
Hy(G, A) = ker Ng H°(G, A) = coker Ng

making an exact sequence

0 —— Ho(G,A) —— Ag —95 A y HY(G, A) —— 0

Remark 3.7.2. If A is a trivial module, then A = A = A and Ng : A — A is just
multiplication by n = |G|. Hence in this case

HYG,A) = A/nA  Hy(G,A)=,A
where , A denotes the n-torsion subgroup of A.

Definition 3.7.3. Let G be a finite group and let A be a G-module. For ¢ € Z, the ith
Tate cohomology group of G with coefficients in A is

H ; 1(G/A) i< -2

Ho(G,A)  i=-1

HYG,A) =0

HY(G,A) 1 >1

H(G,A) =

Here is the same information in a possibly more accessible format.
-3 -2 -1 0 1 2
-3 g2 Hg-! g g [2
H, H, H, H° H' H’
That is, the Tate cohomology groups combine the information of homology and cohomology

groups H'(G, A), H;(G, A) into one series, with the H°, Hy terms replaced. They are replaced
so that we get a two-tailed long exact sequence, see Theorem 1.6.6 of Sharifi [I5].

Remark 3.7.4. Since we can already compute H;(G,A) and H(G, A) using projective
resolutions, we can already compute H by these same resolutions, except in the cases of
i = —1,0. And we can describe H~! = H, and H° in terms of the norm map.

But even better, we can actually “stitch together” projective resolutions used to compute
H', H; respectively, and join them in the middle with two extra terms that have Ho and H°
as homology. This lets us compute Tate cohomology via a doubly-infinite projective exact
sequence and resulting chain complex, see Theorem for details.

Definition 3.7.5. Let G be a finite group, and A a G-module. We define the following
shorthand for orders of Tate cohomology groups.
hi(G, A) = |HM(G, A)]
Often the group G is understood, and this is abbreviated to hi(A). If both hyo(A) and hy(A)
are finite, the Herbrand quotient of A is
ho(4)
h(A) =

W@
This is usually only talked about when G is cyclic (since in this case we will soon show that
H® = H"?), though the definition makes sense in general.
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There are a lot of results about Herbrand quotients, such as when one can say they are
finite, and so on. We won’t use this sort of thing much, so we leave it to the reader to find
another source for that kind of thing.

3.7.2 Doubly infinite resolution for Tate cohomology

As we already motivated, Tate cohomology is the “right” way to stich together group ho-
mology and cohomology for a finite group into a doubly infinite sequence of invariants. It
captures all of the homology and cohomology groups except Ho(G, A) and H°(G, A), instead
replacing them with H(G, A) and H-(G, A).

Perhaps the main justification that this is the “right” way to replace the zero degree groups
is the following result, which says that we can also stitch together projective resolutions in
the right way to give H*(G, A) groups as the homology of a doubly infinite chain complex.

Theorem 3.7.6. Let G be a finite group. Let Py — 7 — 0 be a projective resolution of Z as
a trivial G-module, with P; of finite Z-rank. Let P} = Homgy(P;,Z), and define a G-action
on P; by (9- ¢)(z) = ¢(g7'x). Consider the exact sequence

o= PP B> P> P — -

Let A be a G-module. Then the Tate cohomology group ﬁ’i(Q A) is the ith homology of the
chain complex

s —> HOInZ[G](Pl*, A) — HOI’HZ[G](PJ, A) — HomZ[G}(PO, A) — HOIHZ[G}(Pl7 A) —
Proof. Sharifi [15] Theorem 1.6.10. O

Remark 3.7.7. In the preceeding theorem, the map Py — Fj is the composition of Py — Z
and Z — Fj coming from the projective resolution P, — Z. In the resulting chain complex,
Py is the Oth degree term, that is, H°(G, A) is the homology at the Homyg (P, A) term,

and H'(G, A) is the homology at the Homy) (P, A) term, and so on.

3.7.3 Computation of Tate cohomology of finite cyclic group

We can repeat the essential ideas of the calculation in Section to compute Tate coho-
mology of any G-module A in the case where G is a finite cyclic group.

One way to see this is by Theorem though we give an even simpler argument. The
end result is that the groups H'(G, A) are again periodic of order 2, except even better,
because the pattern continues in degrees zero and one.

Proposition 3.7.8 (Tate cohomology of a finite cyclic group). Let G be a finite cyclic group
with generator o and let A be a G-module. Then
~ . ker N —1DA +=...,-3,—-1,1,3,...
H’L(G’ A) — eGr G/(U ) Z ) ) 9 9 ?
A% /NgA i=...—20,2,4,...
Proof. We already know this for ¢« > 1 by Proposition [3.3.1L We also already know this for

1 < —1 by Proposition [3.6.6, For ¢ = —1,0, these are the right Tate cohomology groups
essentially by definition of Tate cohomology in degrees —1,0. [
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3.7.4 Tate’s theorem

The next goal is to prove Theorem It’s hard at first to see why this theorem is
interesting - the hypotheses ask an awful lot to be true, and it’s not very clear why they
would ever be true in a concrete example. But they are, as Remark describes.

Perhaps it would be best to read the statement of Tate’s theorem first, then the remark,
and only then try to read the proof. Not because the proof really involves understanding
the remark, but because the remark explains why the theorem is useful to begin with. But
of course, the reader is a strong indepedent person and they can read this in whatever order
they choose.

Before Tate’s theorem, though, we need a lemma, for which we give a only a halfhearted
proof.

Theorem 3.7.9. Let G be a finite group and let A be a G-module. Suppose that for all
subgroups H C G, R R
HY(H,A) = H*(H,A) =0

Then H'(G,A) =0 for all i € Z.

Proof. Theorem 3.10 of Milne [9]. As a rough outline, this is clear if G is cyclic by the
calculation of section Using this, one proves the result for solvable groups by an
inductive process. Then using that, the result is proved for a general group by considering
Sylow subgroups of G. n

Theorem 3.7.10 (Tate’s theorem). Let G be a finite group and A a G-module. Suppose
that for all subgroups H C G that

1. H'(H,A) = 0.
2. H2(H, A) is cyclic of order |H|.
Then a choice of generator v of H*(G, A) induces isomorphisms
H(G,Z) — H*(@G, A)
for alli € Z.
Proof. We begin with an outline of the proof (from Milne [9]).
1. Construct the G-module A,.

2. Describe relevant short exact sequence involving Ag.

0>AS5 Ay ~» 10

3. Show that ¢, : H*(H, A) — H*(H, Ay) is the zero map for any subgroup H.

W~

. For a subgroup H C G, extract information from long exact sequence on H ‘(H,-)
associated to
0—=1Ig—ZG —-7Z—0
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5. For a subgroup H C G, using the long exact sequence on ﬁi(H, —) associated to the
A, short exact sequence, conclude that

H'(H,Ay) = H*(H,Ag) =0
6. Use Theorem to conclude that H (G, A,) = 0 for all 7. Use this to obtain the
desired isomorphism.

(Step 1) Let ¢ : G*> — A be a cocycle representing our chosen generator v. Let F be the
free abelian group generated by symbols z, for o € G,0 # 1, and set

Ay =AdF
We give Ay a G-module structure by
Oy = Loy — Ty + @0, T)

for 0,7 € G and setting x; = ¢(1,1) € A. We need to check that (po)z, = p(oz,) for
p,o, T € G to verify this is a G-action.

(pO)Tr = Tpor — Tpo + G(po, T)

plox;) = p(Tor — 2o + ¢(0, 7))
= Tpor — Tp + gb(p, JT) - (xpa —Zp + ¢(p7 0)) + p¢(0-7 7-)
= Tpor — Tp + ¢(P, UT) — Tpe T Xp — ¢(p7 U) + P¢<0'7 T)

Thus these are equal if and only if

P(po,7) = ¢(p,07) — ¢(p,0) + po(0, T)

which is precisely the cocycle condition.
(Step 2) Define

O./ZA¢—>]G
a—0
Tyt—o0o—1

where a € A,0 € GG,0 # 1. This is a G-module homomorphism because
ca(z;)=0o(t—1) =07 — 0 = a(re, — a(z,) + a(P(0, 7))

Clearly A = ker «, so we have a short exact sequence of G-modules, where ¢ : A — A, is the
inclusion into the first component.

0 » A —— Ay —— I > 0

(Step 3) For any subgroup H C G, we know that CorRes : H*(G,A) — H?*(G,A) is

multiplication by [G : H] = % (Proposition [3.9.17). Hence Cor Res~ has order |H|, so
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Resvy € H?(H, A) has order at least |H|. Since H?(H, A) is cyclic of order |H|, this just says
that Res~ is a generator of H*(H, A). Now consider the 1-cochain

f:G—= Ay 0 Ty
which represents an element of H'(G, Ag). Then
(df)(o,7) = 0 f(1) = f(o7) + f(0) = 027 = Tor + 5 = L0 §(0,T)
Hence ¢ o ¢ is a coboundary, which is to say,
Ly = t[] = Lo @] = 0 € H*(G, Ay)

Since 7 generates H*(G, A), this says that ¢, : H*(G, A) — H?*(G, A,) is the zero map. Then
since Res~y generates H%(H, A) and using commutativity of the following diagram, the map
e s H*(H,A) — H?*(H, A,) is trivial for any subgroup H C G.

H2(G,A) =% H2(G, Ay)

lRes lRes

H*(H,A) —— H?*(H, A,)

(Step 4) Let H C G be any subgroup. Since Z[G] is a free (hence projective) Z[H]-module
(Lemma , for all i € Z, we have

H(H,Z|G)) =0

Then from the long exact sequence on Tate cohomology associated to 0 — I — Z[G] —
Z — 0, the connecting homomorphisms give isomorphisms

H'(H,7) — H™"'(H, I)

In particular,

HY(H,1g) = H(H,7) =~ 7./|H|Z Proposition ??
H*(H,Ig) =~ H'(H,Z) = Hom(H,7Z) Proposition
=0 because H is finite

(Step 5) Let H C G be any subgroup. Now we consider the long exact sequence on
cohomology associated to 0 - A — Ay — I — 0. (We could use Tate cohomology or not,
they are the same in this case.)

H'(H,A) — H'(H,Ay) — H'(H,Ig) — H*(H,A) % H*(H,A,) — H*(H,Ig)

o IR

0 Z)|H|Z — ZJ|H|Z

The various isomorphisms come from our hypotheses and Step 4. The map H?(H, A) —
H?*(H, Ay) is zero by Step 3, so by exactness H'(H, I5) — H?(H,A) is surjective. Since
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they are finite groups of the same order, this implies it is an isomorphism. Then by exactness,
H'(H, A,;) = 0. Also by exactness, H*(H, Ag) = 0.
(Step 6) By Step 5, the hypotheses of Theorem are satisfied, so H'(G,Ay) = 0

for all 4 € Z. Thus the connecting homomorphisms in the long exact sequence on H'(G, —)
associated to 0 - A — Ay — I — 0 are isomorphisms. Composing this with the connecting
isomorphisms of Step 4, we obtain the desired isomorphisms.

Hi(G,Z) —=— H*N G, Ig) —— H*(G, A)

]

Remark 3.7.11. The hypotheses that H'(H, A) = 0 and H2(H, A) is cyclic of order |H|
for all subgroups seems so strong that it would not arise very often in useful circumstances.
However, it does occur in the following important situation which is central to local class
field theory.

Let K be a complete nonarchimedean discretely valued local field (such as Q,), and let
L/K be a finite extension. Let G = Gal(L/K) and A = L*, so A is a G-module. By Galois
theory, all subgroups H C G are of the form Gal(L/E) where K C E C L is an intermediate
subfield. By Hilbert 90,

H'(H,A) = H(Gal(L/E), L") = 0
and by Corollary 4.6.37],
H*(H, A) = H*(Gal(L/E), L) =~ Z/mZ

where m = [L : E] = |H|. Thus, all the hypotheses of Tate’s theorem are satisfied in this
situation.

The following slightly different statement (and very different proof) of Tate’s theorem is
given in section 1.12 (in particular, Theorem 1.12.3) of Sharifi [15].

Theorem 3.7.12 (Tate’s theorem). Let G be a finite group and let A be a G-module. For
each prime p, fix a Sylow p-subgroup G, C G. Let a € H*(G, A). Suppose that for every p,
HY(G,, A) =0 and H*(G,, A) is cyclic of order |G,| generated by Resa. Then fori € Z we

have isomorphisms
H(G,Z) — H*(G,A) B+ (Resa)Up

The hypotheses of this version are essentially the same, the main difference is that the
isomorphisms constructed as a composition of connecting homomorphisms in the Milne proof
are instead manifested as cup products with some element. This is often a very important
aspect of application of the theorem. Unfortunately, we do not include the proof of this
version here. See section 1.12 of Sharifi [15] for details.
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3.8 Dimension shifting

Dimension shifting is a very powerful technique for group cohomology and homology. It
allows one to define/construct maps on all homology groups just by defining them in one
degree, often degree zero since that’s where things are very concrete.

The price for this is that the higher degree versions of the maps are often very difficult to
compute explicitly. But the benefit of the construction is that such maps are “compatible”
with all of morphisms involved in the long exact sequences, in the sense that certain squares
commute, even squares involving the connecting homomorphisms.

This is excellent because the connecting homomorphisms have much the same problem
- they were constructed via snake lemma, so they aren’t convenient to describe simply in
terms of elements. The whole thing has a very categorical flavor.

3.8.1 Induced and coinduced modules

Before we can do any dimension shifting, we need to develop some tools, primarily induced
and coinduced modules and some important short exact sequences involving them. This will
build up to Shapiro’s lemma which tells us that homology and cohomology groups
always vanish for induced and coinduced modules. From there, dimension shifting will be
an immediate corollary.

Definition 3.8.1. Let H C G be a subgroup, and let A be an H-module. The induced
module associated to A is
Ind$(4) = Z[G] @zpm A

This is a G-module via the action
g(r®a) = (g92) ®a

where g € G,z € Z|G],a € A. If A is any abelian group, then it is a module over the trivial
subgroup, so there is an induced module

Ind“(A) = Ind{}y(A) = Z[G] @7 A
Any G-module which is isomorphic to Ind“(A) for some A is called an induced module.

Definition 3.8.2. Let H C GG be a subgroup, and let A be an H-module. The coinduced
module associated to A is

Colnd$;(A) = Homy (Z[G], A)
This is also sometimes denoted M§(A). This is a G-module via the action
(9-9)(x) = d(zg)

where g € G,z € Z[G], ¢ € Colnd$(A). As in the case of induced modules, the case where
H is the trivial subgroup is of particular importance, and it is written

CoInd“(A) = Homgz(Z[G], A)

and any G-module isomorphic to Colnd®(A) for some A is called a coinduced module.
CoInd“(A) is also sometimes written M (A).
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Lemma 3.8.3. A direct sum of induced (coinduced) modules is induced (coinduced).

Proof. For induced modules, this follows from the fact that tensor products distribute over
arbitrary direct sums. For coinduced modules, this follows that arbitrary direct sums in the
2nd variable of Hom pull out as arbitrary direct sums. (Note that for Hom, an infinite direct
sum in the first variable pulls out as a direct product, but this does not affect us at the
moment. ) O

The next lemma we could have proved a long time ago right after defining group rings, but
we didn’t need it so we put it off until now.

Lemma 3.8.4. Let H C G be a subgroup. Then Z|G| is a free Z[H|-module of rank |G : H].

Proof. To clarify, the action of Z[H] on Z[G] is just left multiplication in Z[G]. Let {o; : i € I}
be a set of right coset representatives for H. Let x € Z[G] be arbitrary, written uniquely as

x:nggeZ[G] my € Z
geG
Since the cosets Ho; partition (G, we can rewrite this as
D Mg = D g
geG i€l geHo;

For g € Ho;, we can write it as g = hyo; for a unique h, € H. Then we write the above

uniquely as
Z Z mgg = Znghgai = Z ( Z mghg) o;

i€l geHo; i€l geG i€l \g€Ho;

Thus the o; form a Z[H|]-spanning set for Z[G], of size [G : H]. They are also linearly
independent, as

Z(Z mghg><7i:0 —> my=0,¥g = Y mghy =0, Vi

i€l \g€Ho; geEHo;

Lemma 3.8.5. The functor Colnd$ (=) is exact.

Proof. By definition, Colnd§(—) = Homgy(Z[G],—). By Lemma [3.8.4, Z[G] is a free
Z[H]-module, hence projective, so Homzy)(Z[G], —) is exact. O

3.8.2 Induced/coinduced isomorphism for finite index subgroups

In general the induced and coinduced modules for a given G-module A are not the same,
Ind$ (A) 2 CoInd$(A). However, if H is finite index, they are.
This section is not critically important for dimension shifting, so the reader could rea-

sonably skip this section and go directly to section [3.8.3
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Proposition 3.8.6. Let H C G be a subgroup of finite index, and let A be an H-module.
There is a canonical isomorphism of G-modules

X : Colndf(A) = Indfi(A) ¢ Y g ®@¢lg)
gHeG/H

where g is any coset representative for gH. More precisely, let n = [G : H|, and let
g H,...,9,H be a set of left coset representatives, then

=Y g ®@(g)
=1

where the right hand side does not depend on the choice of coset representatives. (In fact,
each term g; ' @ ¢(g;) does not depend on the choice of g; € g;H.)

Proof. First, we show that each term ¢~ ® ¢(g) does not depend on the choice of coset
representative g € gH. If ¢ = gh is a different coset represenative for gH, then using
Z[H|-linearity we get

() @o(g) = (gh) " ®@d(gh) =h~"'g7' @ hé(g) = g @ ¢(g)

thus the terms in the sum defining x(¢) do not depend on the choice of coset representatives.
We verify that y is a G-module homomorphism. Let g € G, ¢ € Colnd% (A).

Zgl (99)(g:) Zgz ® ¢(g:9) Zg (g g, ® b(gi9 ))

—gz 9i9) " @ d(g:i9) = gx(9)

The final equality comes from the fact that if ¢1,..., 9, are coset representatives for H,
then gg1, ..., gg, are another set of coset representatives for H. Now we show that y is an
isomorphism. It is relatively easy to see that y has trivial kernel, since if

then each term must be zero (since none of the g=! are equal, the terms are linearly inde-

pendent), hence ¢(g) = 0 for each g. Since this is independent of representative, ¢(g) = 0
for all g € gH, and since G is covered by the cosets, ¢ is the zero map. Hence Y is injective.

To show that y is surjective, we note that Ind%(A4) = Z[G] ®zm A is generated by
elements of the form = ® a where x € Z[G],a € A, so it is sufficient to show that such
elements lie in the image of x. If we fix a set of coset representatives ¢y, ..., g, for H, then
gt ... , g, are also coset representatives, and by Lemma x can be written uniquely

as
n
_ -1
L= E Yig;
i=1
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where y; € Z[H]. Then define

¢ LGl = A ¢(g) = yia
This defines ¢ on one element of each coset of G, and extending by Z[H |-linearity this extends
to define ¢ on all of Z[G], hence ¢ € CoInd$(A). Furthermore,

Zgz ® ¢(g:) —Zgz ®yz‘a=Z:yz‘gi_1®a2<Z:yzgz >®a xR a

Thus y is surjective. This completes the proof that y is an isomorphism. O

Remark 3.8.7. In particular, the previous result holds in the case where G is a finite group
and H is the trivial subgroup, so for finite GG, we have

CoInd“(A) = Ind“(A)

In the case where G is finite, the isomorphism of the previous theorem is simpler, since there

is no issue of coset representatives (the cosets of the trivial subgroup are just the elements
of G).

x : CoInd®(A) — Ind®(A) O — Z g ' ® é(g)

geG

3.8.3 Shapiro’s lemma

The following isomorphism is really just a disguised version of a specific case of the tensor-
hom adjunction, but we spell things out in gory detail. The main purpose of this lemma is
to use it to prove Shapiro’s lemma.

Lemma 3.8.8 (Tensor-hom adjunction). Let H C G be a subgroup, let A be a G-module,
and let B be an H-module. Then

Y4 Homgg (A, Colnd$ (B)) — Homg (A, B) (¢§(a)> (a) = (a(a))(l)

15 an tsomorphism of abelian groups. Furthermore, this gives a natural isomorphism of
bifunctors
Homyq(—, Colnd% (—)) = Homgz ) (—, —)

Explicitly, being a natural isomorphism means that for any morphism n : A — A’ of G-
modules and any morphism x : B — B’ of H-modules, the folllowing two squares commute.

Homz[g](A’,CoIndg(B)) EinciN Homzc (A, Colnd%(B))

Ell/)g/ gld%

HomZ[H] (A/, B) el 7 Homz[]ﬂ (A, B)

Homy e (A, Colnd$(B)) —— Homgg (A, Colnd$(B'))

%lwg f:vlwg,

HOmz[H] (A, B) foxr > HomZ[H] (A, B,)
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To describe the upper arrow on the bottom square, we first note that the induced map
CoInd$(B) — Colnd$(B') is f +— xf, and then the map on Homs is

ars ((F=xf)oa)
Proof. For simplicity, denote 14 by 1. Throughout,
a€A heH  acHomgg(A Colnd5(B)) B € Homgp(A, B)

First we verify that v lands in Homgg) (A, B), so we check that for @ € Homgyg (A, Colnd%(B)),
the map ¢ («) is H-linear.

(v(@)) (ha) = (atha)) (1) = (ha(@)) (1) = (a(@) ) (&) = h((a(@) (1)) = A((¥(a)) (@)

Thus ¢ («) is H-linear, so ¢ lands in the correct target. Now we define a map which we will
show to be the inverse of 1.

&+ Homzim(4, B) = Homziy(4, Comd§y(B))  ((6(8)) () (1) = Ba)

where 3 € Homgy)(A, B) and a € A. We have defined ¢(3)(a) only on 1 € Z[G], and then
extend by G-linearity, so we do not have check that ¢(5)(a) is Z[H]-linear. We don’t need
to verify that ¢ is a group homomorphism, since the inverse to a group homomorphism (if
it exists) is a group homomorphism. Now we check that ¢, are inverses.

(wa)(®)(@) = (¢(6(9) ) (@) = ((¢(8) (@) (1) = Bla)

which is to say (¢¢)(5) = S, hence )¢ = Id. For the composition in the other order, first
we note that

(@v)(a) =a <= ((6¥)(@))(@) = a(a) Va € A
= ((e¥)(@)(@) (1) = (a(@))(1) Ya € A
so to show ¢ = Id, it suffices to verify the last condition, which we do. For a € A, we have
(o)) ) = ((s(w(e) @ ) 1) = (vle) @) = (at)) )
Thus ¢1p = Id, so ¢, are inverses. Now we show that the isomorphisms 14 provide a

natural transformation by proving commutativity of the two squares above, starting with
the upper square.

(vatm) (@ = (@) ) = (@) ) (1) = (v8' (D) (@) = (& (1)) om) (@)

This proves commutativity of the top square. For the lower square, going around the bottom

we obtain
(@) (@) = x (@A) (@) = x((ala) 1))
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and going around the top, we have

(v8(0 = xnea) )@ = (7= w0 )@ ) 1) = x((a(e) 1)

Thus both squares commute as claimed. O

Just one more lemma before Shapiro’s lemma. It’s a bit strange that a lemma requires so
many other lemmas to prove. Oh well.

Lemma 3.8.9 (Colnd preserves injectives). If I is an injective H-module, then Colnd$(I)
s an injective G-module.

Proof. Let I be an injective H-module. We use the characterization that I is injective if and
only if the functor Homg (—, I) is exact, so to show Colnd% () is injective, we show that
the functor Homge)(—, Colnd% (1)) is exact.

Let 0 > A — B — (' — 0 be a short exact sequence of G-modules, which we can also
view as H-modules by restricting the action. To show that Homgzg(—, Colnd% (1)) is exact,
we need to show that the image of 0 - A — B — C' — 0 under this functor is exact. By
the first commutative square of Lemma we have the following commutative diagram
(of abelian groups).

0 ——— Homy(C, I) ———— Homgy (B, ) —— Homgy (A, 1) — 0

: : :

0 — Homyg)(C, Colnd$ (1)) — Homyg (B, Colnd$;(1)) — Homgg (A, Colnd$ (1)) — 0

By injectivity of I, the top row is exact. Since the vertical maps are isomorphisms, we
have an isomorphism of chain complexes, hence exactness of the top implies exactness of the
bottom. Thus CoInd% (1) is an injective G-module. O

Proposition 3.8.10 (Shapiro’s lemma). Let H C G be a subgroup. There are natural
isomorphisms of functors

H(H,-) = H'(G,Colndf(—))
Hi(H,-) = Hy(G,Ind%(-))

I

for all 1 > 0.

Proof. We only prove the isomorphism for cohomology on the level of groups, and omit
the details of the natural isomorphism of functors. Let A be an H-module, and choose an
injective resolution of A by H-modules.

0—-A—=Ty—1 —---

Since H'(H, —) is the ith right derived functor of (=), H'(H, A) is the ith cohomology of
the following complex.
0— 1 =1 — ...
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On the other hand, if we apply the functor Colnd%(—) to our injective resolution of A, by
Lemmas [3.8.5{ and we get an injective resolution of Colnd% (A).

0 — Colnd{j(A) — Colnd{(Iy) — Colnd{(I;) — -

Then since H*(G, —) is the ith right derived functor of (=), H*(G,Colnd%(A)) is the ith
cohomology of the complex

0 — ColInd$(1y)¢ — Colnd% ()¢ — - -- (3.8.1)

Note that
CoInd$;(1;)¢ = Homgm (Z[G], 1) = Homgw(Z, I1,)

so we may replace the resolution by the resolution
0— HOmz[H](Z, [0) — HomZ[H] (Z, Il) —

Finally, applying the natural isomorphism of Lemma [3.2.3] we get an isomorphism of chain
complexes

0 > 117 y IH

} }

0 —— HomZ[H](Z, Io) E— HOmZ[H](Z7[1) — 5 ...

~

which induces isomorphisms on homology,
H'(H, A) = H(G, CoInd%(A))
O

The most important corollary of Shapiro’s lemma is that induced and coinduced modules
have trivial homology groups for ¢ > 1, as the next corollary spells out.

Corollary 3.8.11. Let G be a group, and A a G-module. Then
HY(G,Ind®(A)) =0  Hy(G,CoInd“(A)) =0
for all i > 1.

Proof. Let H C G be the trivial group subgroup. Note that H*(H, A) = 0 for i > 1, just by
thinking in terms of cocycles. By Shapiro’s lemma,

H(G,Colnd%(A)) = H'(H,A) =0  H;(G,Ind“(A)) = H;(H,A) =0
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3.8.4 Dimension shifting isomorphisms

Finally we get to dimension shifting, which was the whole purpose for defining and studying
induced and coinduced modules.

Definition 3.8.12. Let GG be a group and A a G-module. There is an injection
t: A — CoInd%(A) = Homy(Z[G], A) (L(@)) (9)=a
for a € A, g € G, extended by Z-linearity. Alternately, using the canonical isomorphism
0 : Homy(Z, A) = A ¢+ o(1)
we can describe ¢ as ¢ = j0~! where
j : Homg(Z, A) — Homgz(Z[G], A) O e

Here, € is the augmentation map. We define A* to be the cokernel of this map, making the
following exact sequence.

0 — A — Colnd®(A) — A* = 0
Note that this is split exact, see Remark
Definition 3.8.13. Similarly to the above, there is a surjection
m:Ind%A) =Z[G)®z A=A 7(g®a)=a

Alternately, using the canonical isomorphism

N 7R, A=A l®a+a
we have m =771 o (e ® Id4) where

eR1dy: Z[G)®@z A= Z Qg A

Here, € is the augmentation map. We define A, to be the kernel of 7, making the following

exact sequence.
0— A, = Ind“A) - A—=0

Note that this is split exact, see Remark split exact.
Proposition 3.8.14. Let Iz C G be the augmentation ideal. Using the notation above,
A* = Homg(Ig, A) A, 2l ®7 A

Proof. Using the map j from the previous definitions and the augmentation map €, we know
that A* is isomorphic to the cokernel of j, which is described by the following short exact
sequence.

0 —— Homg(Z, A) ﬁ Homg (Z[G), 4) ;> Homz(Ig, A) —— 0
e
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After checking exactness here, immediately we get A* = Homgy(Ig, A). Similarly, A, is
isomorphic to the kernel of € ® Id 4, which is depicted below.

Hence A, = I ®4 A. O]

Remark 3.8.15. The sequence 0 — I — Z[G] — Z — 0 is exact, and additive functors
preserve split exactness, so the sequences defining A,, A* are also split exact, because they
are the image of this sequence under the respective functors Hom(—, A) and — ® A.

This is it, the big moment where we actually do dimension shifting.

Proposition 3.8.16 (Dimension shifting property). Let A be a G-module, and let A*, A, be
as defined above. Then for all i > 1,

Hi+1 (G7 A) = Hz(G7 A*) Hl+1<G7 A) = H’L(G7 A*)
with isomorphisms provided by connecting homomorphisms of long exact sequences.

Proof. Consider the short exact sequence
0 — A — Colnd%(A) — A* = 0
and the associated long exact sequence on cohomology,
0— A9 = CoInd®(A)¢ — (A")Y - HY(G, A) — H' (G, CoInd®(A)) — - -
By Shapiro’s lemma [3.8.10| for i > 1 the terms H*(G, CoInd“(A)) vanish.
0— HY(G,A*) — H*G,A) =0

By exactness, the connecting homomorphism must be an isomorphism for ¢+ > 1. The result
for homology follows in the same manner by considering the LES on homology associated to

0— A, = Ind“(A) - A—=0

In the next few sections, we will put these isomorphisms to work repeatedly.

3.9 Functorial properties of group cohomology

The title for this section is a bit grandiose. Really, it just means an assortment of things
which induce maps and make diagrams commute in nice ways.
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3.9.1 Compatible pairs

One very broad tool for inducing maps on cohomology is via compatible pairs.

Definition 3.9.1. Let G, G be groups. Let A be a G-module, and A’ be a G’-module.
A compatible pair (for cohomology) is a pair (p, A\) of homomorphisms p : G’ — G and
A A — A’ making the following diagram commute for every ¢’ € G'.

A p(g") A

As an equation, we write this as A(p(¢')a) = ¢’A(a). We denote a compatible pair with the
notation (p,\) : (G, A) — (G', A’). (This notation sort of implies that p maps from G to
G’, but it doesn’t, so be careful.) This generalizes the notion of a morphism of G-modules,
which is the case G' = G, p = Idg.

For the categorically inclined, there is a category whose objects are pairs (G, A) of a
group G acting on an abelian group A, and whose morphisms are compatible pairs. I've
never seen anyone really take this point of view, though, so it may not be that useful.

One advantage of thinking this way is that we can think of group cohomology (or homol-
ogy) as taking an object in the category of pairs and outputting an abelian group H'(G, A)
(or H;(G,A)). We would like this to be a functor, so a morphism in our category (a com-
patible pair) should induce a morphism in the target category. This does in fact happen, as
we now define.

Definition 3.9.2. Let (p,\) : (G, A) — (G', A’) be a compatible pair. The induced map
on cochains is

CHG,A) = CHGLA)  frsdofol(px-xp)

Since this is a chain map (see Sharifi 1.8.2), it induces a map H'(G, A) — H'(G’', A"), which
is called the induced map on cohomology. Alternately, the induced map on the
standard complex is

Homgq(Z[G™], A) — Homge(Z[(G')], A') WAoo (px - X p)

which is also a chain map, and induces a map on cohomology H'(G, A) — H'(G', A’). The
induced maps on cohomology are the same from these two processes. As a third alternative,
one could even define an induced map on general projective resolutions of Z, but this seems
unnecessary.

Returning to thinking categorically, we can say that H'(—, —) is a functor from the category
of pairs (G, A) to the category of abelian groups. As I said before, no one except me seems
to think about it this way, so perhaps it’s not so useful.
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Definition 3.9.3. For homology (in contrast with cohomology), the analogous notion of a
compatible pair is a pair of homomorphisms p: G — G"and A : A — A’, with A a G-module,
and A" a G'-module, making the analogous square commute.

A2 A
A lx
A/ p(g) A/
These induce morphisms
ﬁ R\ Z[GiJrl] ®Z[G] A— Z[(G/)iJrl] ®Z[G’] A

where 7 is the induced map Z[G*™'] — Z[(G')"™] defined by p on G and extending by Z-
linearity. This gives the induced chain map on the sequence defining H;(G, A), so it induces
maps on homology H;(G,A) — H;(G', A).

3.9.2 Important compatible pairs: restriction, inflation, corestric-
tion

We aren’t going to study compatible pairs in any sort of generality. Instead, we’re just going
to look at a few very useful compatible pairs and the maps they induce. Historically, people
probably described these maps on cohomology in other terms before using the language of
compatible pairs, but I’'m not sure.

The main induced maps we will have are restriction, corestriction, and inflation. There
is also a coinflation map which we won'’t describe, because it doesn’t get as much done later.
Restriction is named after function restriction, which it bears some resemblence too. It will
be a map

Res: H'(G,A) — H'(H, A)

where H C G is any subgroup. Res is inspired by the idea of restricting a cocycle, which is a
function f: G — A to flg : H — A. Of course, since elements of H(G, A) are equivalence
classes of cocycles, more subtlety is involved. Corestriction will be a map going the other
way,

Cor : HZ(H, A) — HI(G, A)

which is not so directly inspired, so things are more complicated. Inflation maps are losely
related to quotient maps, so we will need H C G to be a normal subgroup, and will obtain
a map

Inf : HY(G/H, A") — H' (G, A)

Coinflation goes the oppposite direction from inflation, but we don’t describe it in detail in
these notes.

Definition 3.9.4. Let H C G be a subgroup, and let A be a G-module. Let e : H — G
be the inclusion, so we have a compatible pair (e,Id4) : (G, A) — (H, A). The induced map
Res: H'(G,A) — H'(H, A) is called the restriction map.
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Remark 3.9.5. We may describe restriction maps more simply than this, and connect this
with the description of induced maps in Definition We may represent an element
of H(G,A) by an i-cocycle f : G* — A (recall that f being a cocycle just means f €
ZYG,A) = kerdy). On cocycles, we have the map

Res: Z'(G,A) — Z'(H, A) [ flu

which respects the equivalence classes of H (G, A), so we may think of Res : H'(G,A) —
Hi(H, A) as this “same” map, f — f|g.

Res: H' (G, A) — H'(H, A) [f] = [f]#]
In degree zero, where H°(G, A) = AY HO(H,A) = A, the restriction map is just the
inclusion A% < Af,

Definition 3.9.6. Let H C G be a subgroup. We have a homology compatible pair of the
inclusion e : H < G with the Id4 : A — A, which induces a map on homology

Cor : HZ(H, A) — HZ(G, A)

This is called the corestriction map. In degree zero, corestriction is just the quotient map
AllgA
IgA/IgA
Definition 3.9.7. Let H C G be a normal subgroup, and let ¢ : G — G/H be the quotient
map. Let A be a G-module, and let t : A¥ — A be the inclusion. Then (¢,t) : (G/H, A®) —

(G, A) forms a compatible pair. The induced map on cohomology is called the inflation
map, and denoted Inf : H(G/H, A") — HY(G, A).

Remark 3.9.8. Asin Remark we can describe inflation more concretely on i-cocycles.
On cocycles, inflation is given by

Ap = A/IgA — ~ A/IGA = Ag

Inf: Z4(G/H,A") — Z/(G,A) [+ (g = f(?))

Note that here g € G*, so by g, we mean the class of g in (G/H)". In degree zero, where
HO(G,A) = AG H(G/H, A") = (AH)G/H = AG inflation is just the identity map.

Remark 3.9.9. The restriction maps Res : H(G,A) — H‘(H, A) provide a morphism of
§-functors H'(G,—) — H'(H,—) (but we omit the proof). All this means is that if we have a
short exact sequence 0 - A — B — C' — 0 of G-modules, the following diagram commutes.

. —— H'(G,A) —— HY(G,B) —— H'(G,0) _8 HAY(G, A) —— -

lRes lRes lRes lRes

- —— H'(H,A) —— H'(H,B) — H'(H,C) —— H*"'(H,A) — -

The main content of this diagram is the squares involving connecting homomorphisms 9,
since the other squares commute just because Res is a natural transformation. So one can
think of a morphism of )-functors as a family of natural transformations which are also
compatible with connecting homomorphisms.

Cor and Inf are also morphisms of d-functors, but again we provide no proof of this fact.
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3.9.3 Extending Res and Cor

From the previous section, for a subgroup H C G, we have maps
Res: H' (G, A) — H'(H, A) Cor : Hy(G,A) — H;(H, A)

So Res is defined on cohomology, and Cor is defined on homology. We want both Res and
Cor to be defined for cohomology and homology, so in this section we work toward that goal,
in the case where H has finite index (see Proposition [3.9.15). We will also obtain restriction
and corestriction maps on Tate cohomology. The case of Tate cohomology is simplest, so we
start there.

Definition 3.9.10. Let G be a finite group and H C G a subgroup. Let A be a G-module.
By dimension shifting, we have isomorphism

H7NG,A) = H'(G,A,)  H'(H,A)= H(H, A,)
For ¢ > 1, we already have restriction maps
Res : H(G, A,) — H'(H, A,)

for i < 0, so we may define Res : H"}(G, A) — H*"*(H, A) to be the unique map making
the following square commute.

HYG,A) —— H(G,A,)

Res lRes
<

H=Y(H,A) —— H(H, A,)

This inductively defines restriction maps on all Tate cohomology groups. Note that by the
previous remark, these squares commute for ¢ > 1 as well.

Definition 3.9.11. Following the same procedure as above, we already have corestriction
maps on Tate cohomology for i < —2, so using the same isomorphisms as above, inductively
define Cor for ¢ > —2 to be the unique map making the following square commute.

HY(H,A) —— H(H, A,)

lCor : Cor
\:/

HYG,A) —— H(G,A,)

Remark 3.9.12. The previous definitions serve to give restriction maps on homology and
corestriction maps on cohomology in the case that G is finite, since that is when Tate
cohomology makes sense. We would like to have them even when G is not finite, though, so
we need a bit more work. Even still, it will only work if [G : H] is finite.

The general strategy is to define Res on Hy, then use dimension shifting to inductively
define it on all other homology groups. Similarly, we’ll define Cor on H° and dimension shift.
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Definition 3.9.13. Let G be a group and H C G a subgroup of finite index and A a
G-module. Regardless of whether H is normal, view G/H as a coset space, and define

Res : Hy(G,A) — Hy(H, A) T gz

where for v € Ag = Hy(G,A) = A/I;A, the element 7 is any lift of x € Ay under the
quotient map Ay — Ag. Similarly, define

Cor: HU(H,A) = H'G,A)  y— Y gy

gHeG/H
where y € AH.
Lemma 3.9.14. The maps Res and Cor defined above are well defined.

Proof. We can handle the issue of coset representatives for both maps at once. We need to
check that for 7 € Ay or y € A, the sums

> gF > gy
gHeG/H gHeG/H

are independent of the choice of coset representatives. Let ¢q1,...,¢, and o1,...,0, be two
sets of coset representatives for H, where n = [G : H|, and o, 'g; € H (that is, g; and o;
represent the same coset). Then

Zgzx_z i_l)gif:Zglg gz Zo-z
=1

=1

The last equality follows from the fact that x € Ay, so the action of H on 7 is trivial, and
0, g; € H. The same symbol-pushing works for an element of A as well. Thus Cor is well
defined, and Res is well defined at least with respect to the issue of coset representatives.

Now we show that Res does not depend on the choice of lift of x. Let =,y € Ay both be
lifts of x € Ag. Then by definition of the quotient map below,

A/TyA

~ A/IcA = Ag

we must have T —y € IgA/IyA. Then we can write T — y as a finite sum

NzZa,a(a—l)a

where 0 € G\ H,a € A. Then

doogE— > gi= > g9@F-7)

gHeG/H gHeG/H gHEeG/H
Z Zg(a —1)a
gHeG/H o,a
2. dgra= ), ) g
gHeG/H o,a gHeG/H o,a
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For any o € G, as g ranges over cosets of H, the elements og also range over cosets of H, so
the two sums above are the same sum. Hence the difference is zero, so

Y 9= > gu

gHeG/H gHEG/H
proving that Res is well defined. O]

Proposition 3.9.15. Let G be a group and H a subgroup of finite index. There are maps
Res : Hi(G, A) — H;(H, A) Cor : H'(H, A) — H'(G, A)

for all i > 0 that coincide with the maps of Definition for i = 0 and that provide

morphisms of 0-functors
H'(G,-) = H'(H,-) H'(H,-) = H'(G,-)
Proof. Consider the long exact sequences on homology induced by the short exact sequence

0— A, =»Ind%A) - A—=0

They give the following commutative diagram.

Hy(G,Ind%(A)) =0 —— H\(G,A) —— Hy(G, A,) —— Hy(G,Ind“(A))

lRes lRes

Hy(H,Ind%(A)) =0 —— H(H, A) —— Hy(H, A,) —— Hy(H,Ind%(A))

Then define Res : Hi(G,A) — Hy(H,A) to be the induced map on kernels, making the

following diagram commute.

0 —— Hy(G,A) —— Hy(G, A,) —— Hy(G,Ind%(A))

Res lRes lRCS

0 —— Hy(H,A) —— Hy(H, A,) —— Hy(H,Ind®(A))

Having defined Res on Hy, we now proceed as in the case of Tate cohomology to use dimension
shifting to define Res on H; for ¢ > 2. From dimension shifting, we have isomorphisms

Hin (G, A) = Hi(G, Ay)  Hin(H,A) = Hi(H, Ay)

so we inductively define Res on H;;; to be the unique map making the following square
commute.

Hi1 (G, A) % H;(G, A,)

Res lRes
-

o7

Hi1(H,A) —— Hi(H, A,)
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So by construction Res maps commute with the connecting homomorphisms from the LES.
In total analogy with everything we just did, define Cor on H' by considering the long exact

sequences associated to
0— A — Colnd%(A) = A* =0

then define Cor inductively on H**! to be the unique map making the following square
commute.

i+1 = 7 *
HIH(G, A) —= HI(G, A%)

Cor lCor

o)

i+1 ) *
H*(H, A) —=— Hi(H, A")

We have now defined Res and Cor for all H?, H; with i > 1.

Remark 3.9.16. We don’t go into all the detail of d-functors here, but roughly speaking, a
0-functor is a family of functors indexed by Z>( which turns short exact sequences into long
exact sequences. So the prime example of a d-functor is any family of derived functors, such
as group cohomology H'(G,—) or group homology H;(G,—).

Roughly speaking, a morphism of d-functors is a family of natural transformations which
induce a chain map between the induced long exact sequences. So saying that Res and Cor
are a morphism of d-functors is asserting commutativity of some large diagram involving the
long exact sequences of homology/cohomology.

3.9.4 Composition CoroRes and applications

Let H be a subgroup of finite index in a group G. What can we say about the follwoing
composition?

H{(G,A) B Hi(H, A) =2 HiI(G,A)
It turns out that we can say exactly what this composition is, and as an endomorphism of

Hi(G, A), this will tell us a lot about H(G, A), in particular when it is torsion, and about
p-primary torsion subgroups for primes p.

Proposition 3.9.17. Let G be a group and H a subgroup of finite index. Then the maps
CorRes : H'(G, A) — H'(G, A)
CorRes: H;(G,A) — H;(G, A)
CorRes : H(G, A) — H'(G, A)
are m;tltiplication by [G : H]. (Note that the last map is only defined in the case where G is
finite.

Proof. We just prove this for regular cohomology, the proofs for homology and Tate coho-
moloy are similar. First we prove the case ¢ = 0. In degree zero, Res is the inclusion and
Cor is given by the formula in Definition [3.9.13

Cor Res : AY — A¢ Y > Z qy
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Since y € AY, the sum on the right is just [G : H| copies of y, so the map is as claimed. Now
we inductively prove it for higher degrees by dimension shifting. The induction is basically
contained in the following commutative diagram.

HTY G, A) —— HI(G, A*)

Res Resl

H*YH,A) —— H(H,A*) |[G:H]
(

Cor

Corl

H*(G,A) —— H{(G, A"
The bottom square commutes by definition of Cor on cohomology. The top square commutes
because Res as defined by compatible pairs is a morphism of d-functors. n

We get a very useful consequence of this is when G is finite.

Corollary 3.9.18. Let G be a finite group. Then for any G-module A and any i € Z>q,
H'(G, A) is a torsion group of exponent |G|.

Proof. Take H to be the trivial subgroup in Proposition [3.9.17, and note that H'(H, A) =0
for any A and ¢ > 0. Thus multiplication by |G| is the same as the zero map on H'(G, A).

H{(G,A) 2, Hi(H A) =0 2 HI(G, A)
G|
O

Note that it is not at all clear how one might prove that H'(G, A) has exponent |G| just
by thinking about cocycles, so we really did get something out of all our compatible pairs
technology that we couldn’t have gotten without it. The next corollary is another great
example of this.

Corollary 3.9.19. Let G be a finite group. For each prime p, fix a Sylow p-subgroup G, C G.
Then

1. The kernel of N ~
Res: H'(G,A) — H'(Gp, A)

has no elements of order p" for any n > 1. Another way to say this is that Res s
injective on the p-primary component of H'(G, A). (Milne 1.33 [9])

2. If for some i € Z, all the maps
Res : H'(G, A) = H'(G,, A)

are trivial for each prime p, then fli(a A)=0.
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Proof. (1) Suppose «a € fli(G, A) has order p™, so p"a = 0 for some n > 1. By Proposition
B.9.17
CorRes(a) =[G : Gpla

Since G, is a Sylow p-subgroup, [G : G,] is coprime to p, and since a has order p”, [G :
Gpla # 0. Thus « is not in the kernel of Cor Res, so « is not in the kernel of Res.

(2) By (1), if Res : ﬁ[i(G,A) — fli(Gp,A) is the zero map, then ﬁ[i(G,A) has no
elements of p-power order. Thus if the restriction maps are zero for all p, then fli(G, A) has
no elements of p-power order for any prime p, which is only possible if ﬁ"(G, A)=0. ]

3.9.5 Inflation restriction sequence

We addressed the composition of Cor and Res, at least in the case where the subgroup
involved has finite index. There is also a natural composition of Inf and Res, which turns
out to be very useful as well. The best way to describe this is actually using the language of
spectral sequences, but we don’t have space for all of that here.

Proposition 3.9.20 (Inflation restriction sequence). Let N C G be a normal subgroup, and
let A be a G-module. The follow sequence is exact.

0 — HY(G/N,AY) I HY(G, A) B3 HY(N,A) =5 H2(G/N,AN) 2% H2(@G, A)

The map 7 is something I don’t understand, but it seems to be quite complicated to describe.

An incomplete proof of the above is given in Theorem 4.1.20 of Rosenberg [I3]. A
confusing proof is given in Proposition 3.3.16 of Gille & Szamuely [4]. A proof utilizing
spectral sequences is given in Proposition 6.8.2 and Remark 6.8.3 of Weibel [16].

In lieu of a full proof of exactness for the inflation-restriction sequence, we can at least
give a proof here of exactness for the first three terms, just involving Inf and Res. See below
for a proof of exactness for just the first three terms, following Theorem 1.8.10 of Sharifi
[15]. First, we recall the descriptions of Inf and Res in terms of cocycles.

Remark 3.9.21. Let GG be a group with a normal subgroup N and let A be a G-module.
For a cocycle ¢ : G/N — AN and for g € G, we have a cocycle in Z*(G, A) described by

Inf(¢): G — A Inf()(g) = ¢(7)

where g = gN is the image of g in G/N. That is to say, there is a map
Inf: 2'(G, A) = Z'(G/N,AY)  é s (9 6(9))

In these terms, Inf[¢p] = [IE(QS)} The previous equality is represented by the following
commutative square, where the vertical arrows are quotient maps.

ZYG/N, ANy 2, 71, A)

| |

HY(G/N,AN) 2Ly HY(@, A)
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Remark 3.9.22. Now we recall the description of Res in terms of cocycles. Let GG be a
group with a subgroup N and let A be a G-module. The literal function restriction map

ZNG,A) — ZY(N, A) =g

induces Res, which is to say Res[¢)] = [¢|y]. We represent this with the following commuta-
tive square, where vertical arrows are quotient maps.

Z4G, A) YUY 71N, A)

| |

HY(G,A) 2= HY(N,A)

Proposition 3.9.23 (Partial inflation restriction sequence). Let G be a group and N C G
a normal subgroup, and let A be a G-module. Then the following sequence is exact.

0 — HY(G/N,AN) 2 Y@, A) B3 HY(N, A)

Proof. First, we show Inf is injective (which gives exactness at the first term). Let [¢] €
H'(G/N, AN) with representative cocycle ¢ such that [¢] € kerInf, so Inf[¢] = [Inf(¢)] =
0 € H'Y(G, A). That is, InA/f(gzﬁ) is a coboundary, which in degree one means that there exists
a € A so that for all g € G,

Inf(¢)(g9) = ¢(g) = (9 — L)a
In particular, for n € N,
0=0¢n)=(n—1)a
so a € AN, Then reusing the previous equality, we have a € AV such that

¢(g) = (g —1Va=(g-1a

which is exactly the condition for ¢ to be a coboundary. Thus [¢] = 0, and Inf is injective.
Now we need exactness at H'(G, A). We can easily get im Inf C ker Res by showing that
ResolInf = 0. Let [¢] € H(G/N, AY) with representative cocycle ¢. Then

Res o Inf[¢] = Res[fnvf(@] = [ﬂl/f(ﬁbﬂN]

But just as a cocycle, Ian(gb)|N is zero, because for n € N,

Inf(¢)|n(n) = ¢(7) = H(1) = 0

P| Thus ResoInf = 0. Now we need to show ker Res C im Inf. Let [a] € ker Res C HY(G, A),
with representative cocycle a € Z'(G, A). Since Res[a] = [a|y] = 0, a|y is a coboundary,
so there exists a € A such that for all n € N, a(n) = (n — 1)a. Define

B:G—A  Blg)=alg) —(g—1a

2Note that a cocycle vanishes on the identity. This follows from the cocycle relation: ¢(z) = ¢(1z) =
1o(z) + (1) = ¢(1) =0.
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This is defined so that for n € IV,

B(n) =a(n) —(n—1)a=0
Note that 3 € Z!(G, A), since it differs from the cocylce a by a coboundary (g — 1)a, which
also means [3] = [a] € H'(G, A). Also, for g € G,n € N,

B(gn) = gB(n) + B(g) = B(g)

so f3 factors through G /N, meaning that there is a map 8 making the following diagram

commute, which is to say, 5(g) = 5(9g).

Also, for g € G,n € N,

nB(g) = np(g) + B(n) = B(ng)
= B(99~"'ng) = gB(g "ng) + B(g) = B(9)

the last equality uses normality of N to say that g~'ng € N. Thus the image of 5 lands in

AN so B € H(G/N, AN). Finally, it is immediate that Inf(3) = 3, so

Inf[ 5] = [Inf(5)] = 5] = [o]
proving ker Res C im Inf. O

There is also a generalization of the inflation restriction sequence for higher cohomology
groups, but with additional hypotheses involving vanishing of smaller cohomology groups.
We don’t prove this one even for the first few terms.

Proposition 3.9.24 (Generalized inflation restriction sequence). Let N C G be a normal
subgroup, and let A be a G-module. Let i > 1, and suppose that H (N, A) =0 for 1 < j <
1 — 1. The follow sequence s exact.

Ti, A

0 — HY(G/N,AN) 24 Hi(G, A) B3 HI(N,A) =5 HHYG/N, AN) 2L giti(@, A)

Proof. See Sharifi 1.8.11 [I5] or Gille and Szamuely 3.3.19 [4]. Sharifi only includes the first
three nonzero terms, the others come from CSAGC. The map 7; 4 does not seem to have a
simple description. This is really coming from the Hochschild-Serre spectral sequence. [

The following exercise from Rosenberg [13] gives an application of the inflation-restriction
sequence.
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Proposition 3.9.25 (Exercise 4.1.30 of Rosenberg [13]). Let G be an abelian group and
choose a free resolution of G

0= 5FR5SG—0

with Fy, Fy free abelian. View 7 as a trivial module for Fy and G. Then the induced map
et Ho(Fy, Z) — Ho(G,Z) is surjective.

Proof. (Note that all hom groups in this proof are over Z.) Let A be an abelian group,
viewed as trivial module over G, Fy, F;. The inflation-restriction sequence [3.9.20] is

0 —— Hom(G, A) % Hom(F,, A) - Hom(F}, A) —— H2(G,A) -2 H2(F,, A)

We also have a long exact sequence associated to 0 — F; — Fy — G — 0 from the functors
Extz(—, A). Note that Exty,(Fy, A) = 0 because [y is a projective Z-module.

0 —— Hom(G, A) —=— Hom(Fy, A) —=— Hom(Fy, A) —— Ext,(G,A) —— 0

Note that the following diagram commutes. This follows from thinking about what Inf and
Res do in terms of cocycles. Our next step is to define a making this commute.

0 —— Hom(G, A) —~— Hom(Fy, A) —*— Hom(Fy, A) —— ExtL(G,A) ——— 0

I I b

0 —— Hom(G, A) 2% Hom(F, A) -5 Hom(F}, A) —— H*(G, A) —2 H2(F,, A)

We define o : Exty,(G, A) — H?*(G,A) as follows. Take x € Exty(G, A), and take a lift
T € Hom(F7y, A), so that 0(%) = z. Then define a(x) = 7(Z). To see that this is well defined,
suppose T,y are both lifts. Then

5(Z—-9)=0 = T—y€kerd=imRes=kerr = 7(T—9) =0 = 7(2) =7(9)

Hence « is well defined. By construction, the square involving a commutes. Now we claim
that « is injective. Let x € ker . Then there exists £ € Hom(F7, A) such that 6(Z) = x and
7(z) =0, s0 T € ker7 = im Res = kerd. That is, §(z) = = = 0, so « is injective.

Now observe that ker Inf = im 7 = im(«d) = im « since § is surjective. Thus « gives an
isomorphism between Exty (G, A) and ker Inf.

Leaving « and the previous diagram aside for the moment, note that H,(G,Z) = G and
H\(Fy,7Z) = F, by Proposition From the universal coefficient theorem [3.6.10] we get
H?(F,, A) = Hom(H,(Fy,Z), A) because the Ext term vanishes. Again using the universal
coefficient theorem we have a split short exact sequence in the top row of the following
commutative diagram. Our next step is to define S making this diagram commute.

0 —— Extl(G, A) —— H?*(G, A) —— Homy(Hy(G,Z),A) —— 0

gla lId B

0 — kerInf ——— H2(G,A) — 2 H2(F,, A)
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We define 8 : Hom(Ho(G,Z), A) — H?(F,, A) as follows. For x € Hom(H,(G,Z), A), take a
lift & so that «(x) = x, then set 5(z) = Inf(z). This is well defined by the same argument
as for a: if 7,y are both lifts, then

T —Yy € kery = kerInf = Inf(Z) = Inf(y)

It is injective by the same argument as for a as well: if x € ker 3, then there exists a lift
Z such that Inf(z) = 0, but then 0 = Inf(z) = 2. Using the isomorphism H(Fp, A) =
Hom(H(Fy,Z), A), B gives an injection

Hom(H2(G,Z), A) — Hom(Hs(Fy,Z), A)

Now since A was arbitrary, this is true for all abelian groups A. Then by a standard result
about left exactness of the hom functor (see Lang [6] Proposition 2.1 of Chapter III), the
map inducing these, namely Hy(Fy,Z) — Ho(G,Z), is surjective, which is what we wanted
to prove originally. O

3.10 Cohomological triviality

The main result of this section is Theorem which gives equivalent conditions for
when a module has vanishing cohomology for all subgroups of the given group. Most of the
intermediate results to get there are forgettable, or at least, not that easy to remember since
they all blend together.

In this section, all references to Cassels & Frohlich [I] are from chapter IV, section 9,

which is the main source for this whole section. We also roughly follow Section 1.11 of Sharifi
[15].

Definition 3.10.1. Let G be a finite group. A G-module A is cohomologically trivial if
H'(H,A) = 0 for all subgroups H C G and all i € Z. (In particular, H(G, A) = 0 for all
i€ Z.)

Warning: It is NOT the case that if f[i(G,A) = 0 for all 4 € Z, then ?[Z(H, A) = 0 for
all i € Z and all subgroups. The cohomology groups ﬁi(G,A) could all vanish, but for
subgroups H C G, cohomology groups need not vanish.

Intuitively making G “smaller” should make H'(G, A) “smaller”, but this intuition needs
to be abandoned because it’s just not true. There is a containment on the level of cochains

C'(H,A) Cc C'(G, A)
and even a containment of cocycles
Z'(H,A) C Z'(G, A)

but the coboundaries B'(H, A) and B*(G, A) are not so simply related, and the quotients
HY(G,A) = Z/(G,A)/B(G,A) and H(H,A) = Z'(H,A)/B'(H, A) are not related by any
obvious containments.

Note: The following lemma is a repeat of Corollary [3.9.19] but we include it since this
version of the proof has some nice diagrams.

85



Lemma 3.10.2 (Sharifi [15] 1.8.24). Let p be a prime, let G be a finite group, and let G, be
a Sylow p-subgroup. The restriction map Res : H'(G, M) — H"(G,, M) is injective on the
p-primary component of H" (G, M).

Proof. We know that CoroRes = [G : G,].

H (G, M) £ g (G, M) <2 H"(G, M)

[G:Gp]

Since ged([G : G,],p) = 1, restricting to the primary component, Reso Cor is an isomor-
phism.

H"(G, M)[p] == H"(Gy, M) =" H'(G, M)[p]

o

Thus Res is injective and Cor is surjective in this situation. O

Remark 3.10.3. We will frequently use the hypothesis that an abelian group (or G-module)
satisfies pA = 0 for a prime p. This is equivalent to saying that A is an F,-vector space.

Lemma 3.10.4 (Cassels & Frohlich [I] Lemma 1; Sharifi [I5] 1.11.4). Let p be a prime
number, G a p-group, and A a G-module such that pA = 0. Then the following are equivalent.

1. A=0
2. H(G,A) =0

Proof. 1t is clear that (1) = (2), (3).

(2) = (1) Suppose A # 0, and let = € A be a nonzero element. Let B be the
submodule generated by x. Then B is finite, with order p™ for some n > 0. The element
0 € B is a fixed point of the G-action, and by Lemma [3.13.6] the number of fixed points is
congruent to |B| = p" mod p, so there are at least p > 2 fixed points. Thus H°(G, A) = AY
is nonzero.

(3) = (1) Let A" = Homy(A,F,) be the F,-dual of A, and note pA’ = 0. Then

HY(G,A") = (A)Y = Homg (A, F,)“ = Homgg (A, F,) = Homge (Ho(G, A),F,)

Since Hy(G, A) = 0, this implies H°(G, A’) = 0. Then by (2) = (1), A’ = 0. Since A’ is
the dual of A, this implies A = 0. m

Lemma 3.10.5 (Cassels & Frohlich [I] Lemma 2; Sharifi [15] 1.11.15). Let p be a prime
number, G a p-group, and A a G-module such that pA =0. If H{(G,A) =0, then A is free
as an F,[G]-module.
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Proof. Note that Hy(G, A) = Ag = A/IgA is an abelian group annihated by |G| = p, which
is to say, it is an F)-module, so it has an F,-basis {e;}, ;. For each e;, let a; € A be a lift.

Let B C A be the submodule generated by all the a;. Then the inclusion B < A induces
an isomorphism Hy(G,B) — Hy(G, A). Consider the long exact sequence on homology
associated to 0 - B — A — B/A — 0.

o= Hy(G, B) = Hy(G, A) — Hy(G,A/B) =0

Since the first map is an isomorphism, by exactness Hy(G,A/B) = 0. Then by Lemma

3.10.4) A/B = 0, which is to say, the a; generate A as an F,[G]-module.
Let F be the free F,[G]-module generated by the a;, and let 7 : F' — A, a; — a; be the
quotient map, and let R = ker 7, so we have an exact sequence of F,[G]-modules

0—-R—->F—-A—=0
By hypothesis H,(G, A) = 0, so the long exact sequence on homology gives an exact sequence
0 — Ho(G,R) — Ho(G,F) = Ho(G,A) — 0

By construction of the a;, the induced map Hy(G, F) — Ho(G, A) is an isomorphism, so by
exactness Hy(G, R) = 0. Since pR = 0, by Lemma [3.10.4] this implies R = 0, which is to say,
F = Aso Ais free as an F,[G]-module. O

Theorem 3.10.6 (Cassels & Frohlich[I] Theorem 6; Sharifi [I5] 1.11.6). Let p be a prime
number, G a p-group, and A a G-module such that pA = 0. Then the following are equivalent.

1. Ais a free F,|G]-module.

2. A s a coinduced G-module.

3. A is cohomologically trivial.
4. ﬁ"(G,A) =0 for some n € Z.

Proof. We prove (1) = (2) = (3) = (1) and (3) < (4).
(1) = (2) We have an isomorphism

Colnd®(F,) = Homz(Z[G],F,) = F,[G] &= Y 6(g)g

geG

Then using @-linearity of Hom, if A is a free F,|G]-module,

A= DF,[G] = Homy, (Z[G], @Fp) — Colnd® (@ Fp)

(2) = (3) Previous result, immediate from Shapiro’s lemma.
(3) = (1) H1(G,A) =2 H*(G,A) =0, so by Lemma [3.10.5) A is a free F,[G]-module.
(3) = (4) Obvious.
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(4) = (3) Recall the modules A, = I ®; A and A* = Homy(Ig, A) used for dimension
shifting, along with the exact sequences

0— A, »Ind“(A) = A—-0 0— A— Colnd“(A) = A* =0

Since pA = 0, we get pA, = 0 and pA* = 0 as well. Thus by dimension shifting, there is a
G-module B (constructed by some interation of A, or A*) such that pB = 0 and

Hi7%(G, B) = H'™(G, A) (3.10.1)

for all j € Z. In particular, H,(G, B) = }AI*Z(G, B) = ﬁ”(G,A) = 0, using the hypothesis
(4). Then by Lemma [3.10.5, B is a free F,[G]-module, so by (1) = (2), H'(B) = 0 for all
i € Z, so by isomorphism [3.10.1} H*(A) =0 for all i € Z. O

Theorem 3.10.7 (Cassels & Frohlich [I] Theorem 7; Sharifi [I5] 1.11.7). Let p be a prime
number, G a p-group, and A a G-module so that A is p-torsion free as an abelian group.
Then the following are equivalent.

1. A is cohomologically trivial.
2. H"(G,A) = H"" (G, A) = 0 for some n € Z.
3. A/pA is a free F,[G]|-module.

Proof. We prove (1) = (2) = (3) = (1).
(1) = (2) Obvious.
(2) = (3) Since A is p-torsion free, the sequence

0 y AL A » A/pA —— 0 (3.10.2)

is exact. Using our hypothesis PAI'”(G7 A) = f[”H(G, A) = 0, part of the long exact sequence
on Tate cohomology looks like

0=H"G,A) — H"(G, A/pA) — H" (G, A) =0

so H"(G, A/pA) = 0 by exactness. Then by (4) => (1) of Theorem , A/pAis a free
F,[G]-module.

(3) = (1) By (1) = (3) of Theorem [3.10.6, H"(G,A/pA) = 0 for all n, for any
subgroup H C G the long exact sequence on Tate cohomology ?Ii(H, —) associated to the
exact sequence looks like

> 0 s H"(H, A) —2— H™(H, A) > 0 >

Since H is a p-group, ﬁ"(]—[, A) is annihilated by some power of p, which is to say, iterating
the isomorphism above enough times makes it zero. But this is only possible of H"(H, A) =0
(for all n € Z), thus A is cohomologically trivial. O
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Corollary 3.10.8 (Cassels & Frohlich [1]; Sharifi [15] 1.11.9). Let p be a prime number, G
a p-group, and A a G-module which is a free abelian group and cohomologically trivial. Then
if B is a p-torsion free G-module, the G-module Homz (A, B) is cohomologically trivial.

Proof. As B is p-torsion free, we have a short exact sequence of abelian groups

0 » B L~ B » B/pB —— 0

Since A is a free abelian group, it is projective, so the functor Homy (A, —) is exact, thus we
have the following exact sequence of abelian groups, which also happens to be a sequence of
G-modules.

0 —— Homg(A, B) —2— Homg(A, B) —— Homg(A, B/pB) —— 0

In particular, Homy(A, B) has no p-torsion. Since any Z-homomorphism A — B/pB factors
through A/pA,
Homy (A, B/pB) = Homy(A/pA, B/pB)

By (1) = (3) of Theorem [3.10.7, A/pA is a free F,[G]-module. Let I be an indexing set
for a basis of A/pA as an F,|G]-module. Then

Homy(A, B/pB) = Homy(A/pA, B/pB)

>~ Homy, (@ F,[G], B/pB> A is free

i€l

= H Homy(F,|G], B/pB) Hom commutes with products

= [ [ Homz(Z[G], B/pB) Every Z-hom on F, lifts to a hom on Z

= Homy, (Z[G}7 H B/pB) Hom commutes with products

i€l

Thus Homgz (A, B/pB) is a coinduced G-module, and it is annihilated by p, so by (2) = (1)
of Theorem [3.10.6| it is a free F,[G]-module. By the first isomorphism theorem applied to
the sequence |3.10]

Homgz(A, B/pB) = Homy(A, B)/pHomy(A, B)

Thus by (3) = (1) of Theorem [3.10.7| (where the A of the theorem is our Homy(A, B)),
Homy(A, B) is cohomologically trivial. O

Theorem 3.10.9 (Cassels & Frohlich [I] Theorem 8; Sharifi [I5] 1.11.8, 1.11.10). Let G a
finite group, and A a G-module so that A is a free abelian group. For each prime p, choose
a Sylow p-subgroup G, C G. Then the following are equivalent.

1. A is cohomologically trivial.
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2. A is cohomologically trivial as a G,-module for each prime p.
3. A 1s a projective G-module.
4. A is a projective Gp-module for each prime p.

Proof. We prove (2) — (1) <= (3) = (4) = (2). Although proving (3) = (1)
is not necessary to complete the circle, we use it to prove (4) = (2). Also, (1) = (2)
is not strictly necessarly, but it is immediate from the definition.

(2) = (1) Let H C G be a subgroup and let H, C H be a p-Sylow subgroup. The
restriction map Res : f[i(H, A) — ﬁi(Hp, A) is injective on the p-primary component. Since
H, C G,, by cohomological triviality of G, ﬁi(Hp,A) =0, so f[i(H, A)=0.

(1) = (3) Choose an exact sequence of G-modules 0 — Q — F = A — 0 where F is a
free G-module. Since A is Z-free, the functor Homgz (A, —) is exact, so the following sequence
is an exact sequence of abelian groups, which also happens to be a sequence of G-modules.

0 — Homgz(A, Q) — Homg (A, F) — Homgz(A,A) — 0

Note that F'is Z-free, so @) is also Z-free, in particular, () is p-torsion free for any prime
p. Since A is cohomologically trivial (by hypothesis), by Corollary [3.10.8] Homz(Q, A) is
cohomologically trivial as a G,-module for each p. Then by (2) == (1), Homg(Q, A)
is cohomologically trivial. From the long exact sequence on (non-Tate) group cohomology
associated the previous sequence, we get an exact sequence

H°(G,Homg(A, F) — H°(G,Homg(A, A)) — 0
We may identify these with
H°(G,Homgz (A, F)) = Homg(A, F)“ = Homge (A, F)
H°(G,Homgz(A, A)) = Homgz (A, A) = Homgzg (4, A)
so the surjection on HY says that
Homyc (A, F') — Homgg (A, A) fromof

is surjective. In particular, the identity map A — A lifts to a map ¢ : A — F such that
mo¢=Id.
F—/7—— A

NG

Thus the sequence 0 — () — F — A — 0 splits, so A is a direct summand of F', hence A is
a projective Z[G]-module.

(3) = (4) Suppose A® Q = F is a free Z[G]-module. Then F' is also a free Z[G))-
module, hence A is also projective as a Z[G,]-module.

(3) = (1) Let P be a projective Z|G]-module, and choose @ so that P & @ is a free
Z|G]-module. Then since free Z[G]-modules are cohomologically trivial,

H(G,P)— H'(G,P)® H'(G,Q) = H(G,P®Q) =0
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which proves that P is cohomologically trivial.
(4) = (2) Immediate from (3) = (1). O

Finally we have the main result of the section, which gives a very local criterion for cohomo-
logical triviality of a module A. Tt turns out that you just need vanishing of two consecutive
cohomology groups for each p-Sylow subgroup, and that forces all of the cohomology groups
for A to be zero.

Theorem 3.10.10 (Cassels & Frohlich [1I] Theorem 9; Sharifi [I5] 1.11.11). Let G be a finite
group and A a G-module. For each prime p, fix a Sylow p-subgroup G, C G. Then the
following are equivalent.

1. A is cohomologically trivial.
2. For each prime p, there exists n € Z such that PAI”(GP, A) = PAI”“(GP, A)=0.

3. There is an exact sequence 0 — P, — Py — A — 0 where Py, P, are projective
G-modules.

Proof. We prove (1) = (2) = (3) = (1).

(1) = (2) Immediate from the definition.

(2) = (3) Let 0 > R — F — A — 0 be a short exact sequence of G-modules where F' is
Z|G]-free. Note that F'is also Z-free, so R is also Z-free as a subgroup of a free Z-module.
Then F'is cohomologically trivial, so by considering the LES of Tate cohomology,

074G, A) = H(G,, R)

for every j € Z. Then by the hypothesis, fAIj(Gp, R) vanishes for two consecutive values of j.
Since R is Z-free, by Theorem R is cohomologically trivial. Then by Theorem
R is a projective G-module.

(3) = (1) Let H C G be any subgroup. Since Py, P; are cohomologically trivial, the
LES of Tate cohomology ITF(H, —) associated to 0 - P, — Fy — A — 0 implies that A is
cohomologically trivial. O

3.11 Cup products

The analogies with singular homology and algebraic topology continue - just as in that
context, our cohomology theory has a cup product. This is perhaps the place where the
geometric version has the biggest advantage, since they can often visualize cup products via
intersections of subspaces or submanifolds, whereas for group cohomology the cup product
has no such intuition.

Because of this, it is best to think of the cup product in group cohomology as simply the
unique function with a laundry list of very nice properties. We will eventually show that
just a few of the properties suffice to uniquely determine the cup product.

Of course, we also have a construction in terms of cochains. Despite this being very
explicit, it is extremely rare for it to be useful for concrete computations. Unfortunately,
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there are just not a lot of situations where we can explicitly compute cup products for specific
examples.

Despite this, cup products are useful and important. Many important isomorphisms can
be realized via cup product maps, such as Tate’s theorem (see Theorem and Theorem
and 2-periodicity of Tate cohomology for finite groups (see Proposition and
Proposition 1.10.3 of Sharifi [I5]). Much later, we will also use cup products to realize
isomorphisms involving Brauer groups and formulating the Merkurjev-Suslin theorem (see

Proposition [5.8.16)).

3.11.1 Construction of cup product

We start by constructing a somewhat explicit map in terms of projective resolutions and/or
in terms of cochains. These will lead to the same place, but we include both for full disclosure.

Definition 3.11.1. Let G be a group, and consider the standard projective resolution P, —

Z — 0 where P, = Z[G"*'] (3.1.11). Define
Rij: Py = Pi®@z Py Kij(gos -+ Givg) = (905 -+ 91) @ (Gis - -+ Gij)
Let A, B be G-modules. Define the map
Yy - Homyq) (P, A) ®z Homge (P}, B) — Homyg)(P; ®z Pj, A ®z B)
Yy = (e @8 6(a) 2.6/(9)
Finally, define the “preliminary” cup product map by

Homg (P, A) ®z Homyg)(Pj, B) —— Homyg)(Piyj, A @7 B)

pUP = (%’((Zﬁ ® ¢')) O Kij
More explicitly,
PUG (gos-- -+ Girg) = (o -+ 91) © 8 (gir - - Girg)

Note that this isn’t the “real” or “final” version of the cup product. This is just the version
we use to induce a map on cohomology.

Definition 3.11.2. Here is an alternate definition of the preliminary cup product map,
using cochains. Let A, B be G-modules, and define

CHG, A) @z CV(G,B) —— C"(G,A®z B)
for f € C'(G, A), f' € CI(G, B) by

(fu f/>(917927 . 7gz‘+j) = f91,---,9:) ® 9192 - - 'gif/<gi+17 . 7gi+j>

Note that by some uninspiring equations, one verifies that these two definitions “agree” in the

sense that they correspond under the natural isomorphism of functors Homg (Z[G™!, —) =

Ci(G, ).
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Now, using our explicit version in terms of projectives/cochains, we get the real version
of the cup product on cohomology groups.

Definition 3.11.3. Let A, B be G-modules, and let U be the preliminary cup product
defined on cochains. The cup product is the induced map

HY(G, A) @z H (G, B) —— H"Y(G,A®y B)
defined in terms of the preliminary cup product map by
fUf=fuUrf

On the RHS, the cup is the preliminary cup product map, and bars denote equivalence class
in the quotient H' (G, A) = Z'(G, A)/B*(G, A). This is well defined because the preliminary
cup product of two cocycles is a cocycle, and the preliminary cup product of a cocycle with
a coboundary is a coboundary.

Often there is some obvious map 0 : A ®; B — C for some other G-module C, and we
consider the composition

H{(G,A) @z H(G,B) —%— H"(G,A®; B) —Y— H™(G,C)

which is a ® § — 6(a U §). For some weird reason, often the 6* is omitted when it is
understood to be there, and one just writes U for the composition, so people will write
things like

HY(G,A) ®z H (G, B) —— H"(G,0)

For example, if B = Z, then A ®7 Z = A so there is an obvious map 0 : A ®z Z — A which
is an isomorphism, and the induced 6* is also an isomorphism, so we could just write

HYG,A) ®z H (G, 7) —— H"(G,7)

Remark 3.11.4. Let G be a finite group, and A, B be G-modules. Similarly to the above,
one may define a cup product on Tate cohomology.

Hi(G, A) ® H (G, B) —X» H*(G, A®y B)
We omit the details for this. The best way to go about it would probably be to use dimension

shifting isomorphisms and the long exact sequence to induce cup products on negative degree
Tate cohomology groups.

3.11.2 Cohomology as a graded ring (sometimes)

Let G be a group and A a G-module. Then there are cup product maps

U: H(G,A) x H(G,A) - H(G,A®z A)
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Assume we have a morphism of G-modules
ARzA— A
For example, this happens if A is cyclic group Ff] Then this induces a map on cohomology
HY(G,A®z A) — H'(G, A)
We are just going to be sloppy and denote the composition of these by U.
HY(G,A) x H (G, A) = HH (G, A)

Thus we have a graded (anticommutative) ring structure on
D H'(G.4)
i=0

In principle, the structure of this ring could differentiate between G-modules which have the
same cohomology groups. Even if H (G, A) = H'(G, B) for all i, the cup products could be
different, so we would conclude A 2 B as G-modules.

Warning! This ring structure only exists when there is a map A ® A — A. Tt is tempting
to think there is a natural choice of map here, but this is not true. For example, the obvious
choice a®b +— a+bis not well defined, because Ax A — A, (a,b) — a+bis not a Z-balanced
map.

3.11.3 Properties of cup product

As we mentioned before, group cohomology cup products are notoriously difficult to compute
even for rather basic concrete examples. Because of this, the best hope for an intuition
about cup products is just heavily absorbing the long list of properties characterizing the
cup product.

We skip a lot of the proofs for these, because they aren’t that important to know and
understand for later, and don’t really illustrate techniques that get reused later. Sharifi [15]
is a good source for proofs of most of these.

Proposition 3.11.5 (Cup product in degree zero). In the case i = j = 1, the cup product

15 just the inclusion
AG X7z BG — (A X7, B)G

Proof. There’s nothing complicated to prove here, just some thinking to do. In terms of
cochains, an element f € C°(G, A) is a function G° — A. By convention, G is the trivial
group, so f € C%(@G, A) is essentially a point in A. Lying in the kernel of d° : C°(G, A) —
CY(G, A) means that

df)g)=gf—f=0 VgeG

3If A is cyclic, then A ® A = A, which, given a choice of generator for A, gives a morphism A ® A — A.
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which is to say, gf = f, which is to say, f € A%. Of course, we already knew this. But now
thinking about the definition of cup product in terms of cochains, for f, f’ € C°(G, A),

(fuf=fof e A2 B C (A B)°
O

Proposition 3.11.6 (Naturality of cup product). The cup product is “natural” in A and B.
More precisely, if ¢ : A — A’ is a morphism of G-modules and ¢. : H' (G, A) — H'(G,A")
is the induced map on homology, then ¢ ®@1: AR B — A’ ® B is a morphism of G-modules,
and (p ® 1), : H(G,A® B) — H'(G,A' ® B) is the induced map on homology, then for
a € HY(G,A) and B € H (G, B),

() UB=(¢®1).(aUp)
Equivalently, the following diagram commutes.

H(G,A) ®z H(G,B) —— H" (G, A®yz B)

¢*®1dl l(qﬁ@ld)*

HY(G,A") ®z H(G,B) —— H'"(G,A' ®; B)

The analogous property holds for a morphism ¢ : B — B’.
Proof. Theorem 1.9.5 of Sharifi [?]. O
Proposition 3.11.7 (Cup product “commutes” with connecting homomorphisms). If

0— A — Ay > A3 =0
15 a short exact sequence of G modules, and B 1s a G-module such that the sequence

0—-A, ®B—A,®B— A3 B—0
is also exact, then for o € H'(G, A3) and 3 € H(G, B),
S(aUB) = (da)UB e HH G, A ® B)

where the 6 maps are connecting homomorphism coming from the long exact sequences. We
can write this as a commutative diagram

H' (G, As) ® H (G, B) —2%— H"(G,As ® B)

l&@l l&
H*Y(G,A) ® H(G,B) —— H"%*(G,A, ® B)
Proof. This is basically proved by reproving the snake lemma. You work through the whole

process of lifing, etc. that the snake lemma uses to construct the connecting homomorphisms.
Nothing too fancy, though not super easy to follow. See Theorem 1.9.5 of Sharifi [?]. O
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Remark 3.11.8. There is an analogous property with tensoring applied on the other side of
the exact sequence, though there is a slight issue of a sign, so the resulting equation becomes

50U ) = (~1)ia U (59)
where o € H'(G, A), 8 € H' (G, B3).

Remark 3.11.9. While the hypotheses of Proposition seem strange and unlikely to
occur in useful situations, there are several situations where this does happen. First, if B is
a flat (such as free or projective) G-module, then by definition the sequence after tensoring
with B remains exact.

Alternately, if the original sequence 0 — A; — Ay — As — 0 is split exact, then since
— ® B is an additive functor, the sequence after tensoring with B remains split exact. This
happens in the case of the dimension-shifting sequences

0— A— Colnd“(4) = A* =0 00— A, —Ind°(4) - A—0

In particular, the previous proposition applied to these split exact sequences is the main
ingredient for why cup products are uniquely determined by these properties, by using a
clever dimension shifting induction.

Proposition 3.11.10 (Uniqueness of cup product). The cup products we have defined are
the unique family of maps satisfying the properties above (naturality, description in degree
zero, and interaction with connecting homomorphisms).

Proof. Suppose we have a product with these properties. We show by dimension shifting that
the cup products in degree (i, j) determine cup products in degrees (i + 1,7) and (7,7 + 1).
Consider the short exact sequence

0 — A — Colnd%(A) — A* — 0
and recall from earlier that it remains exact after tensoring with any B.

0=+ A®B — Colnd°(A)® B — A*®@ B — 0
So by Proposition [3.11.7] we get

H(G, A*) @ H(G, B) —— H™(G,A* ® B)

Jso s

H*YG,A) @ H (G, B) —— H"*(G,A® B)

Recall that the connecting homomorphisms in the LES associated to 0 — A — ColInd“(A) —
A* — 0 are isomorphisms for ¢ > 1 and surjective for 7 = 0. Thus the cup product on the
bottom is determined by the cup product on the top.

A similar argument using the other cup product property interacting with connecting
homomorphisms shows that the cup products in degree (i,j) determine those in degree
(1,7 4+ 1). m

96



Proposition 3.11.11 (Antisymmetry of cup product). Let 7 : A® B — B ® A be the
canonical isomorphism (“twist map”) a®b — b®a, and let T, - H*(G, AQ B) — H*(G, B A)
be the induced isomorphism on cohomology. For o € H'(G, A) and 8 € H (G, B),

r(aUp) = (-1)"BUa
Since T, T, are such natural/canonical isomorphisms, this is usually just written as
aUB=(-1)"BUa

Proof. Prove first in case ¢ = j = 0, then use some dimension shifting to induct. See
Corollary 1.9.7 of Sharifi [I5]. O

Proposition 3.11.12 (Associativity of cup product). The cup product is associative. More
precisely, let C be another G-module, and let « € HY(G, A),3 € H'(G,B),y € H¥G,C).
Then

(@UB)Uy=aU(BUy) € HYHG A2 B® O)

Really, these things don’t quite live in the same homology group, but canonical isomorphisms
(A B)® C = A® (B® () induced canonical isomorphisms between the homology groups
that they live in.

Proof. 'This can be checked directly on the level of cochains, which is tedious. See Proposition
1.9.7 of Sharifi [15]. O

As our final list of properties of cup products, we describe how cup product interacts with
Res, Cor, and Inf. For Res and Inf, the relationship is about as simple and convenient as it
could be, though spelling it out in detail requires some careful tracking of where various cup
products are coming and going. The interaction with Cor is a bit weirder, but hey, what can
you do. Math is strange sometimes.

Proposition 3.11.13 (Cup product and Res, Inf, Cor). Under suitable hypotheses and
sufficient abuse of notation,

Res(a U 8) = Res() U Res(3)
Inf(a U ) = Inf(«) U Inf(5)
Cor(a) U 8 = Cor(a U Res(3))

We now spell out the suitable hypotheses and various abuses of notation in gory detail, which
may be skipped. Let A, B be G-modules.

1. Let H C G be a subgroup. Consider the restriction maps

Resy : HY(G,A) — H'(H, A)
Resp : H'(G, B) — H'(H, B)
RQSA®B : HZ<G,A®Z B) — Hl(H,A X7 B)
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For o € HY(G, A) and 8 € H'(G, B),
Resgp(aU B) = Resa(a) UResp(B) € H' (H, A ®y B)

We have slightly abused notation by using U to refer to two different maps. Usually,
notation is further abused by using Res to refer to all three restriction maps, and this
1s written as

Res(aU ) = Res(a) U Res(p)

This can also be expressed by the following commutative diagram.

H{(G,A) ®; H(G,B) —— H"(G,A®y B)

lRes lRes lRes

H(H,A) ®z H(H,B) —— H"(H, A®z B)

This is a bit confusing. It is just saying that the following two squares commute.

Hi(G, A) —2 H*(G, A®y B) Hi(G, B) %= H*I(G, A®y B)
lRes lRes lRes lRes
y —URes(B) it i Res(a)U— it
Hi(H,A) "L givi(H, A, B) Hi(H,B)"™S Hiti(H, A, B)

. Let N C G be a normal subgroup. Consider the inflation maps

Inf, : H'(G/N, AY) — H'(G, A)
Infz : H(G/N, BY) — H'(G, B)
Inf e : H(G/N, (A B)Y) — H'(G, Ay B)

and the inclusion
LIAN®ZBN‘—> (A@ZB)N

with induced map
v H' (G/N, AN @, BY) — H' (G/N, (A @y B)Y)
For a € H(G/N,AN) and 8 € H/(G/N, BY),
Inf aep(t*(a U B)) = Inf4(a) UInfg(B) € H (G, A ®z B)

We have slightly abused notation by using U to refer to two different maps. Usually,
notation is further abused by using Inf to refer to all three inflation maps, and the (*
map s “obuvious,” so this is written as

Inf(aU ) = Inf(a) U Inf(53)
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This can also be expressed by the following commutative diagram.

H(G/N,AN) ®z HI(G/N,BY) —— H*(G/N, AN @4 B")

lInf llnf llnf oL*

HY (G, A) ®z H(G,B) ——=—— H"(H,A®;z B)
This is a bit confusing. It is just saying that the following two squares commute.

Hi(G/N,AN) =% H+i(G/N,AY @, BN)  H(G/N,BN)“% H*I(G/N, AN @, BV)

llnf llnf oL* lInf llnf ou*

Hi(G, A) ~2O) fivi(g, A @, B) Hi(G, B) 2 [givi(H, A, B)

3. Let H C G be a subgroup of finite index. Consider the corestriction and restriction
maps

Cory : H'(H,A) — H'(G, A)
COI‘A®B : Hl(H,A(X)Z B) — H%G,A@Z B)
Resp : H/(G, B) — H’(H, B)

For o € H'(H,A) and 8 € H (G, B),
Cora(a) U B = Coragp(aUResp(B)) € H (G, A®yz B)

We have slightly abused notation by using U to refer to two different maps. Usually,
notation s further abused by writing

Cor(a)) U 8 = Cor(aeU Res(f3))

This can also be expressed by the following commutative diagram.

HY(G, A) @z H (G, B) —— H™" (G, A®yz B)

CorT lRes CorT

H'(H,A)®z H(H,B) —— H"(H, A®z B)

The diagram above is a bit confusing. It is really just saying that the following two
squares commute.

Hi(G, A) —L5 (G, Ay B) HI(G, BY S i@, A @y B)
Cor]\ CorT lRes CorT
Hi(H, A) LD iy, Ay, B) Hi(H, B) Y= H™i(H, A®y B)

Proof. Sharifi 1.9.10 [15]. Can you imagine going through a detailed proof of this? Just
thinking about it makes me want to crawl into bed. O]

99



3.12 Profinite cohomology

Now that we have various tools of group cohomology under our belts, it is time to get
some topology involved. This is not the connection to algebraic topology and homol-
ogy/cohomology theories there. Instead, we will add additional structure to our group
cohomology groups H'(G, A) by adding topological structure to the group G.

In particular, we will study the case where G is a profinite group, which comes with
associated topological data. There will also be a little bit of topological structure on our
module A, but not really, because we will only really care about the discrete topology on A.
This topological structure translates to some restriction of the G-action on A, that is, will
we require it to be “continuous,” whatever that will mean. Basically, the action plays nicely
with the topologies.

This additional structure is not so much motivated by the additional results we get by
adding these constraints, but more motivated by the fact that profinite groups arise in the
context that we want to know about. That context is Galois groups. We already know that
infinite Galois groups are profinite groups (Proposition . In particular, we’ll look at the
absolute Galois group of a field K and various modules for it, and the associated cohomology
groups.

The group cohomology groups in this context are invariants of the field K, and very im-
portant invariants at that. First, there are some cohomological reinterpretations of classical
results, such as Hilbert’s Theorem 90. But the really big part of it is the connection to the
Brauer group of K. Much later, we will see that one of the H? groups is isomorphic to the
Brauer group. This will be extremely useful for knowing things about the Brauer group,
because we have so many great tools in group cohomology.

3.12.1 Definition of profinite cohomology

The first thing to do is reworking a little bit of our definition of cohomology groups to take
into account the additional structure involved when G is a profinite group. This will be a
mostly small change. After this, we will mostly just assert that all of our tools for regular
group cohomology translate/have analogs in profinite cohomology.

Definition 3.12.1. Let G be a topological group ] A topological G-module A is a
topological abelian group with G-action such that the G-action is a continuous map G x A —
A. A discrete topological G-module is an abelian group A which is a topological G-
module with respect to the discrete topology on A.

Proposition 3.12.2. Let G be a topological group and A be a G-module. The following are
equivalent.

1. Giving A the discrete topology makes A into a discrete topological G-module.

2. The stabilizer of each a € A is an open subgroup of G.

4A topological group is a group with a topology such that the multiplication and inversion maps are
continuous.
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Proof. Sharifi 2.2.3 [15]. O

Definition 3.12.3. Let A be a topological G-module. For ¢ € Z the group of continuous
i-cochains with coefficients in A is
CZ

cts

(G,A)={f:G" — A]| [ is continuous}

The same formula for the differential as in Definition [3.2.4] gives boundary maps making
C2(G, A) into a chain complex. The profinite cohomology group H! (G, A) is the ith

cts

homology of Cp,..
Because writing the subscript cts is tedious, whenever G is a profinite group, we just write
H(G, A) instead of H',,(G, A). However, the careful reader should note that in general, these

may be very different groups. If G is a discrete group (such as a finite group), then the two
meanings for H*(G, A) agree, so this is not a terrible abuse of notation.

Remark 3.12.4. The notion of compatible pairs for profinite groups and topological modules
are defined in analogy with the case where no topology is involved, with the requirement
that all the maps involved be continuous. As before, compatible pairs now induce maps on
profinite cohomology. In particular, there are inflation, restriction, etc. maps as before, as
long as the subgroup involved is a closed subgroup.

Alternately, one can define inflation /restriction maps on profinite cohomology by tak-
ing the direct limit of inflation/restriction maps, with direct limit taken in the context of
Proposition Thankfully, these definitions are equivalent (proof omitted).

Remark 3.12.5. The following proposition may viewed as an alternate approach to defining
profinite cohomology (such as the approach in Gille and Szamuely [4]). In our approach, we
view the following as a theorem instead.

Proposition 3.12.6. Let G be a profinite group, and let U be the set of open normal sub-
groups of G. Let A be a discrete G-module. Then

H'(G, A) = lig H'(G/N, AN

Neu
where the maps of the directed system are inflation maps.

Proof. Proposition 2.2.16 of Sharifi [15]. O

Remark 3.12.7. In particular, in the case where L/K is a Galois extension and G =
Gal(L/K), by the Galois correspondence, the set of open normal subgroups of G is the set
of subgroups Gal(L/E) where E/K is finite Galois. For the modules (L,+) and (L*, X),
the above isomorphism is

H'(Gal(L/K),L*) = lim H'
Ee&

Gal(L/K)
( Gal(L/E)
( al(L/K)

Gal(L/E)

(LAY ) g (Gl /1), E)
Eecg

H (Gal(L/K), L) = ling H

Ee&

, LGAL/E) ) = lig H'(Gal(E/K), E)

Eet
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where £ is the set of finite Galois intermediate extensions K C £ C L.

One place this is very useful is if we want to show that H'(Gal(L/K), L*) is zero (which
we will do later in Theorem [3.12.12)). Because it is determined by the cohomology groups for
E/K finite Galois, it suffices to show that all of the cohomology groups for H'(Gal(E/K), E)
are zero, since the direct limit of trivial groups is the trivial group. And it is easier to work
with the finite group Gal(E£/K) rather than to work with Gal(L/K) if [L : K] is infinite.

As we mentioned before, most of our tools from regular group cohomology translate perfectly
into profinite cohomology. One such tool is the long exact sequence.

Proposition 3.12.8 (Long exact sequence on profinite cohomology). Let G be a profinite
group. A short exact sequence 0 — A — B — C — 0 of discrete topological G-modules
induces a long exact sequences on profinite cohomology.

0— H°(G,A) — H'(G,B) - H(G,C) - H' (G, A) — - -

Remark 3.12.9. The analog of the inflation restriction exact sequence ([3.9.20)) holds in the
case of profinite cohomology.

3.12.2 HY(G,M) for G profinite, M discrete, torsion free, finitely
generated

On a first pass reading, this section can be skipped without any issues. It’s just an application
of the inflation restriction sequence for profinite cohomology to get a finiteness result.

Remark 3.12.10. Let G be a profinite group. Recall Proposition which tells us that
that a subgroup is open if and only if it is closed and of finite idex.

{open subgroups} = {closed subgroups of finite index}

Additionally, a closed subset of a compact set is compact, and since G is Hausdorff, a compact
set is closed. Thus
{closed subgroups} = {compact subgroups}

{open subgroups} = {closed subgroups of finite index} = {compact subgroups of finite index}

Proposition 3.12.11. Let G be a profinite group and M a discrete G-module which is
torsion free and finitely generated as an abelian group. Then H'(G, M) is finite.

Proof. Let my, ..., m, be a set of generators for M. Set G; = stab(m;). Since M is a discrete
module, G; is open in G. Then set

Gy =[G
=1

and note that G, is also open, since it is a finite intersection of open sets. G, acts trivially
on generators of M, so it acts trivially on all of M. Consider the conjugation action of G on
its set of subgroups.

G x {subgroups H C G} — {subgroups H C G} g-H=gHg!
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For the subgroup Gy, the stabilizer of this action is the normalizer stab(Gy;) = No(Gur),
and the orbit is the set of conjugate subgroups. Because G, is open, it has finite index,
and because Gy C Ng(Gar), the normalizer also has finite index. By the orbit-stabilizer
theorem, the size of the orbit is equal to the index of the stabilizer, so the size of the orbit
is finite, which is to say, Gj; has finitely many conjugate subgroups. Thus we have a finite
intersection
N = ﬂ 9Gug™!
geG

so N is a finite index open subgroup. It is clear that N is normal, and that N acts trivially on
M, so MN = M. Since N acts trivially on M, the decomposition M = @Z is a decomposition
of N-modules, so

H'(N,M) = H'(N,®Z) = @ H'(N,Z) = Homs(N, Z)

Since N is an open subgroup of a finite index in a profinite group, it is also compact, so the
image of N under a continuous homomorphism N — Z is a compact subgroup of Z, which
is to say, it is trivial. Thus Hom(N,Z) = 0, so H'(N, M) = 0. Now consider the first three
nonzero terms of the Inflation-Restriction sequence.

0 — HYG/N,MN) — HY(G, M) — H'(N,M) =0

By exactness, H'(G, M) = H'(G/N,M"™) = H'(G/N, M). Recall that G/N is finite, so
from the restriction-corestriction sequence, we know that H'(G /N, M) is torsion of exponent
dividing |G/N|. Since M is finitely generated, H'(G/N, M) is finitely generated. Thus
H'(G/N, M) is a torsion and finitely generated abelian group, so it is finite. Thus H'(G, M)
is also finite. m

3.12.3 Hilbert 90

Now we return to the situation which we really care about, which is profinite cohomology for
infinite Galois groups. As mentioned previously, it is very useful to know that the profinite
cohomology is the direct limit of regular cohomology groups with finite groups.

We start with a generalization of Hilbert Theorem 90, from which we derive the classical
Hilbert Theorem 90. Then we also have an “additive” verison of Hilbert 90, which not
necessarily useful, but tells us that there is “nothing to see” in terms of cohomology for the
absolute Galois group acting on the additive group of a field, because all of the cohomology
groups vanish.

In contrast, the multiplicative Hilbert 90 (our original generalization) says that the first
cohomology group (of the absolute Galois group acting on the multiplicative group of a field)
vanishes, but higher groups need not vanish. So it is somewhat natural to expect that these
higher cohomology groups are interesting invariants of the field, and this is indeed the case.
In particular, just the next cohomology group turns out to be isomorphic to the Brauer

group.

Theorem 3.12.12 (Profinite multiplicative Hilbert 90). Let L/K be a Galois extension.
Then H'(Gal(L/K),L*) = 0.
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Proof. By Lemma[2.3.1] G = Gal(L/K) is the inverse limit of Galois groups of finite exten-
sions, so if we prove the result for finite extensions, we get the result on infinite extensions
for free. So we may assume L/K is finite (so G is finite).

For clarity, we write - for multiplication in L*. Let f : G — L* be a cocycle, that is, for

T,0 € G, E]
f(ro) = (o)) - £(7)

The elements o € G are distinct characters L* — L, so they are linearly independent by
linear independence of characters (Theorem 7 of Section 14.2 of Dummit and Foote [3]).

Thus
> flo)e

ceG

is a nonzero map (since f(o) # 0). Let a € L* so that

8= fo)-o(a) #0

oceG

Then for 7 € G,

T B) =71 flo)-ola)

= f—? (GRL®) linearity

_ G; (7 7@) - (o) 7 is a field hom

_ Uezz (7 1(r9)) - 9le) substitute g = 7o
_ N (7)) - ola) substitute g = o

_ USH (1) 7(f(0))) - o(e) f is a cocycle

_ §T—1<f(7)) f(o) - o(a) 7 is a field hom
- (1) =X f(0) - o(e) linearity

>This may be confusing, since usually the cocycle condition would be written f(70) = 7f(c) + f(7) but
this is when the G-module is written additively, and here we are writing our G-module L* multiplicatively.
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Thus f is a coboundary. [ O

The vanishing of this cohomology group leads back to the classical version of Hilbert Theorem
90 by using our knowledge of Tate cohomology for finite cyclic groups.

Theorem 3.12.13 (Classical multiplicative Hilbert 90). Let L/K be a finite cyclic Galois
extension, let N% : L* — K be the norm map, and let o € Gal(L/K) be a generator. Then

ker N% = {%ﬁ‘ ﬁeLX}

Proof. Let G = Gal(L/K) and n = [L : K] = |G|. Since o generates G, the element
o — 1 € Z[G] generates I, hence right hand side is exactly IgL*. Thus the claim is
equivalent to either of the following.

ker NE = L~ ker N% /IgL* =0

Note that the field norm map Nf( coincides with the group norm map N¢, as shown below.

(Since we write L* multiplicatively, the sum becomes a product). By definition of Tate

cohomology, R
H™YG,L*) = ker Ng/IqL* = ker N& /IoL*

Thus the claim reduces to showing f[fl(G, L*) = 0. Since G is cyclic,
H Y G, LX)~ HY(G,L*) = HY(G,L*) =0
with the final equality from Theorem [3.12.12 O]

Before we can prove the additive version of Hilbert Theorem 90, we need to cite a result
without proof.

Theorem 3.12.14 (Normal basis theorem). Let L/K be a finite Galois extension. Then
there exists o € L such that
{o(a):0 € Gal(L/K)}

15 a K-basis of L.

Proof. (Not a proof.) Usually the proof is broken into cases where K is finite/infinite. The
finite case is not hard, since in that case G is cyclic. (Sorry, I couldn’t find a good reference
for this. Probably in Lang somewhere, but I don’t have my copy handy at the moment.) [

6 Again, this looks a bit strange since things are written multiplicatively instead of additively, but it is
right. The usual coboundary condition for f to be a degree one coboundary is that there exists « in the

module such that f(7) = 7(x) — 2, but in multiplicative notation it becomes f(7) = =F.
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Remark 3.12.15. Let L/K be a finite Galois extension and G = Gal(L/K). Then L is a

K[G]-module via
K[G]x L — L (Z )x,,U) = Ao(z)

oeG ceG

where A, € K. Another way to interpret the normal basis theorem is that L = K|[G] as a
K[G]-module. Let a be the element of the normal basis theorem. Then

L—K[G] ) Aola)=> Ao
ceG oeG

is an isomorphism of K[G]-modules.

Theorem 3.12.16 (Generalized additive Hilbert 90). Let L/ K be a Galois extension. Then
H(Gal(L/K),L) =0
for all i > 1.

Proof. As in the previous proof, Remark [3.12.7, which says
H(Gal(L/K), L) = lim H'(Gal(E/K), E)

allows us to reduce to the case of a finite Galois extension. So assume L/K is finite, and let
G = Gal(L/K). By the normal basis theorem, L = K|[G] as a K[G]-module, and this is also
an isomorphism of G-modules. Thus

L= K[G] 2 7Z[G] ®z K = Ind(K) (= of G-modules)

Thus HY(G,L) = 0 for i« > 1 since cohomology always vanishes for induced/coinduced
modules. o

3.12.4 Kummer theory

One way to think about the starting point for Kummer theory is the following: hey, I
noticed that Hilbert 90 says that H'(Gal(L/K), L*) = 0, maybe I can fit this into a long
exact sequence somewhere and make some conclusions from the fact that some of the terms
are zero.

This is often a great way to obtain results in homological algebra, and this case is no
exception. We can in fact fit H'(Gal(L/K), L*) into some long exact sequences, and get
some quite interesting results out of doing so.

Definition 3.12.17. Let n be a positive integer and let K be a field of characteristic not
dividing n, and let p,, C K% be the group of nth roots of unity. The Kummer sequence
is the short exact sequence

1 > > (K5P)* —2 (K5P)* —— 1

This is a short exact sequence of discrete Gal(/K®P/K)-modules.
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Remark 3.12.18. The requirement that char K not divide n is just so that the polynomial
z" —1 € K|z] is separable. The formal derivative is nz"~! = 0 if n divides the characteristic,
so in this case ™ —1 is not separable. The requirement is satsified in any field of characteristic
zero, such as a number field, as an important example.

For the next result, we are going to jump ahead and use Proposition [4.5.9, which says that
Br(K) = HX(Gal(K**/K), (K*?)*)

For the moment, it is totally reasonable to just think of this as the definition of Br(K).
Eventually we will have another definition which is not in terms of group cohomology at all,
but that takes a lot of build up to define, which we will get to later.

Theorem 3.12.19 (Kummer isomorphisms). Let K be a field of characteristic not dividing
n and let Gx = Gal(K*P/K) be the absolute Galois group. Then

HY (G, pin) = K /KX H*(G, pn) = Br(K)
where the ,, denotes n-torsion.

Proof. This basically follows from considering the long exact sequence on profinite coho-
mology H" (G, —) associated to the Kummer sequence, along with using the multiplicative
version of Hilbert 90 (Proposition [3.12.12)). The long exact sequence looks like

0 —— B ) —— (G, (59)) —s HO(G, (K))
s (G ) —— (G, (K59)) s (G, (K9)%)
— HQ(GIO/Ln) - Hz(GIO(KSCp)X) — H2(GK7(KSCP>X) — -

By basic Galois theory, H' (G, (K*P)*) = K*, and by Hilbert 90, H'(Gx, (K*P)*) = 0.
From the remark above, H?*(G g, (K*P)*) = Br(K), so we get two exact sequences

KX — " KX s HNGxo i) —— 0
0 —— H*(Gg,pn) — Br(K) —*— Br(K)
By the 1st isomorphism theorem applied to the first sequence, H*(Gx, p,) = K*/K*", and
by exactness of the second sequence, H?(G, 1) = ,, Br(K). O

The next result is an application of the inflation-restriction sequence [3.9.20| and some Kum-
mer theory. It’s not nearly as important to read at this stage, so it can be safely skipped
over on a first pass.

Proposition 3.12.20 (Exercise 4.3 of Gille & Szamuely [4]). Let m € Z>y and let K be a
field containing a primitive m*th root of unity. Let a € K such that a has no mth root in K,
and let a be a root of ™ —a =0 in K5P, and let L = K(«a), so that Gal(L/K) = Z/mZ.
Then
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1. (LX) L*™)GME/E) s generated by (the image of ) K* and a.
2. The cokernel of K*/K*™ — (L*/L*™)G(L/K) s (isomorphic to) Z./mZ.

Proof. Let p,, C K be the group of mth roots of unity. Consider the tower K C L C K% =
L*°P | and consider the first four terms of the inflation-restriction sequence [3.9.20}

0 ——— HY(Gal(L/K), i) —2— HY(Gal(K*P/K), fin,)
B HY(Gal(K*P /L), j1,,) S E) — H*(Gal(L/K), i)
Since p,, C K, the action of Gal(L/K) on it is trivial, so
HY(Gal(L/K), pt,) = Hom(Gal(L/K), pt,) = Hom(Z/mZ, Z/m7Z) = Z./mZ
By the computation of Tate cohomology for finite cyclic groups [3.7.8],
H*(Gal(L/K), jt) = H(Gal(L/K), i) = po ) Nt = pryn /g1y, = Z/mZ
By Kummer theory,
HY(Gal(K*P /K, p1,,) =2 K*/K*™  HY(Gal(K*P/L), pt,) & L*/L*™
So the inflation restriction sequence may be rewritten as
0 = Z/mZ L [* JKm L (L% ) L) G E) Ly 7,7,

with ¢ induced by the inclusion K* < L*. Let ¢ € K be a primitive m?th root of unity,
and w = (™ be a primitive mth root of unity. Recall from the hypothesis that we have «
which is an mth root of some a € K*. We claim that a € (L*/L*™)G(/K) - The Galois
conjugates of o are way, ..., w™ ta but w = (™ so « differs from its Galois conjugates by an
element of L*™. Thus the class of « in L*/L*™ is fixed by Gal(L/K).

Now consider the subgroup A = (a) generated by the class of a in K*/K*™. Since 2™ —a
is irreducible, this subgroup has order m. Since a = o™ € L*™, A C keri = imj. Thus
keri = Z/mZ. Then by the 1st isomorphism theorem,

cokeri = (L*/LX™)CIL/E) i = (L7 /L) 9B [ eer f 2 im f € Z/mZ
Now consider the subgroup B = (a) generated by the class of o in (L*/L*™)G(L/K)  Since

no lower power than m is an mth power in L*, B = Z/mZ. Since ker f = imi and

a,a?,...,a™ ! ¢ imi, they are not in the kernel of f, so f(«) generates a cyclic subgroup of

Z/mZ of order m, hence f is surjective, and coker i = Z/mZ. This proves (2) in the original
statement. Now we have an exact sequence

0 — imi — (LX/LXm)Gal(L/K) N (LX/LXm)Gal(L/K)/B 0

Thus (L*/L*™)GalE/K) i generated by i(K*) and a, which proves (1). O
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3.13 Computations of group cohomology

In this section we collect some group cohomology computations which are not important for
later, but useful as exercises and ways to practice using various tools in group cohomology.

First, we do a computation of the matrix group GL,(K) acting via left multiplication
on column vectors K", which turns out to be zero most of the time. Then we have a result
which is not about computation cohomology, but rather about what a particular cohomology
group implies about the original group.

3.13.1 H"(GL,(K),K") =0 for r > 0,char K # 2

One somewhat common group is the group of invertible matrices GL,,(K) with entries from
an arbitrary field K. This group acts on the space of column vectors K™ by left multiplication,
so we have a situation where we can take group cohomology.

However, it turns out that the cohomology groups are all zero, at least when the field
K does not have characteristic 2. There is not much our method can say about that case,
unfortunately.

Definition 3.13.1. Let GG be a group and M a G-module. Fix x € GG, and define

a:G—=G g+ xgr!

B:M— M m— x ' 'm
Then «, § form a compatible pair, which is to say, the following diagram commutes for any
ge€aq.
L M

<

M
a(g)l
ML m
Consequently, the maps
C"(G,M)— C"(G,M) f=pfa
on cochains induce maps on homology
Yapr: H'(G, M) — H'(G, M) [f] = [Bfa"]

Proposition 3.13.2. Let G, M, a, 8 be as above. The maps Yo s, : H' (G, M) — H" (G, M)
are the identity for all G-modules M and all v > 0.

Proof. We prove this by induction on 7 using the technique of dimension shifting. For r» = 0,
a cocycle f: G° — M is identified with an element of M, and

Bfa =a7f = f

hence the induced map on cochains is the identity, so the induced map on H? is also the
identity. Let r > 1 and assume that the maps ¥, 5,1 : H (G, M) — H™'(G, M) are the
identity for all M. Consider the usual short exact sequence

0 — M — CoInd“(M) — M, — 0
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Since r > 1, H"(G, Colnd“(M)) = 0, so using the long exact sequences of cohomology we
have the following diagram with exact rows, where ¢ is the connecting homomorphism.

H™YG, M,) —>— H"(G,M) — 0
d’a,ﬁ,rzldl lwa,ﬁ,r

H™YG,M,) —>— H"(G,M) — 0

By thinking about how the connecting homomorphism is constructed, we see that this di-
agram commutes (for more details, see Lemma [3.13.3). Thus since 1), g, is the identity
on H"1(G, M,), by commutativity, it is the identity on H"(G,M). This completes the
induction. O

Lemma 3.13.3. The diagram from the previous proposition commutes.

H™YG, M,) —2— H"(G, M)

Qpa,ﬁ,rzldl ll/’aﬁﬂ'

H™YG, M,) —2— H"(G, M)

Proof. We call the map Colnd®(M) — M, by x. Recall the description of the connecting
homomorphism from the snake lemma: if [¢] € H""'(G, M.) is represented by a cocycle

¢ : G — M,, there is a lift ng G™1 — M,, which is to say, ngﬁ ¢. (The lift gb is not
unique, but we are free to choose any lift.)

CoInd® (M)

S

G’"l—>M

Then ¢ can be desribed by B
0[] = [d]
where d is the boundary map of C*(G, M,). So going around the top of the square, we get
Yar0l6] = Yus, 6] = [Boddoa’]

and from the bottom of the square we get

W, (0] = 0 [fga’] = {d (WJO‘H)]

—~——

where S¢ar—1 is any lift making the following diagram commute.

Colnd® (M)
o)
Gt T M
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Now observe the following hideous diagram.

CoInd“(M)

5207:1 %

CoInd“ (M) X
S
r—1 r—1 N N
G ﬁ G ) s M 3 s M

Since x is a G-homomorphism, y3 = S, so this whole diagram commutes. That is to say,

Bdar! = fpar—!

is a suitable lift of B¢pa”~! for computing J, so

00 ld] = |d (Boar)| = |d (B6a)]

Thus to complete the proof of commutativity, it suffices to show that
Bo dggo o =d <B<gof_1>

for any cochain 5 This equality is “immediate” from the definitions of d, a, 3, in the sense
that it takes a fair amount of boring and/or trivial algebraic manipulation. O]

Remark 3.13.4. The previous lemma didn’t actually use any special properties of the
sequence 0 — M — CoIndG(M) — M, — 0, or any particular aspect of the map Y, so the
lemma could be stated more generally in terms of any short exact sequence, saying that the
maps ¥, 3 commute with connecting homomorphisms. In more sophisticated language, this
says that the maps ¢, g give a morphism of J-functors from H" (G, —) to itself.

Proposition 3.13.5. Let K be a field and let G = GL,(K), M = K™ with the usual G-action
by left matriz multiplication. Let x = —1d € GL,(K), and consider the corresponding maps
a, B associated to x as in Definition |5.15.1. Then

1. Forr > 0, the maps H" (G, M) — H"(G, M) induced by the compatible pair o, are
—1Id.
2. If char K #2, H'(G,M) =0 forr > 0.
Proof. (1) On the level of cochains, the maps induced by , «, § are
C"(G, M) — C"(G, M) p+— fogoa”

In this instance, since gq is central, o : G — G is the identity map, so a” : G" — G" is the
identity map. The map 3 : K™ — K™ is just multiplication by (—Id)™* = —1Id, so the map
on cochains is just —Id. Thus the induced map H"(G, M) — H"(G, M) is also — Id.

(2) By Proposition [3.13.2] the induced maps H"(G, M) — H"(G, M) from «, 3 are the
identity, but by part (1), the same induced maps are also — Id. Since char K # 2,

[d=—-Id = 2Id=0 = Id=0
Thus identity map on H"(G, M) is the zero map, which is to say, it is the trivial group. O
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3.13.2 H'(G,F,) = F} gives generators for a p-group G

Let p be a prime. Recall that a p-group is a group G whose order is a power of p. We
view F, (or by another name Z/pZ) as a trivial module for any group. In this section, we
investigate what happens if H'(G,F,) = Homy(G*", Z/pZ) happens to be isomorphic to F7'.
This happens, for example, if G*> = Z/pZ". We start with some classic fixed point results
and results about subgroups of p-groups.

Lemma 3.13.6. Let G be a finite p-group.

~

. If G acts on a finite set X, then | X| = |X%| mod p, where X is the set of fized points.
2. If H C G is a proper subgroup, then Ng(H) # H.

3. If H C G is a proper subgroup, then H is contained in a normal subgroup. In particular,
if H is not normal, then H is contained in a proper normal subgroup.

4. G has a nontrivial proper normal subgroup.

5. Let N C G be a nontrivial proper normal subgroup. Then G has a chain of subgroups
1CH,CH3;C---CNC---CG

where |H;| = p*. (There is a subgroup of each p-power order in the chain.)

6. G has a chain of subgroups
l1CH,CHsC---CG
where |H;| = p'. (There is a subgroup of each p-power order in the chain.)
7. If H C G s a proper subgroup, then H is contained in a normal subgroup of indez p.

Proof. (1) Write X as a disjoint union of orbits, which gives an equality in terms of sizes.

X = |_| orb(z) = |X| = Z | orb(x)|

zel zel

If we let J C I denote the subset corresponding to orbits of size greater than one, this gives

| X| = |X9 4+ | orb(z)] (3.13.1)
zeJ
By the orbit-stabilizer theorem,
|G|
b(z)] = ———
lorb(@)] = e n @]

Since G is a p group, this implies |orb(z)| = 0 mod p for x € J. Thus by equation [3.13.1
the terms of the sum all vanish modulo p, and we obtain | X| = |X%| mod p.
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(2) If H is the trivial subgroup, the normalizer is all of G and the result is immediate,
so we may assume H is nontrivial. Let X = G/H be the set of left cosets of H in G, and
let H act on X by left multiplication.

HxG/H — G/H h-gH = hgH

Note that the coset H is a fixed point of this action. Since |G/H| = 0 mod p, and there
is at least one fixed point, there are at least p fixed points by (1). Thus there is a coset
gH # H which is a fixed point, with a representative g € G\ H, that is, hgH = gH for all
h € H. Rearranging this to g~'hgH = H says that g~ 'hg € H for all h € H, which is to
say, g € Ng(H). Thus g € No(H) \ H so Ng(H) # H.

(3) Consider the chain of subgroups

HC Ng(H) C Ng<Ng(H)) c---CG

Since this is a finite chain, some normalizer N appearing has Ng(N) = G, hence N is normal.
Thus H is contained in a normal subgroup. If H is not normal, then Ng(H) # G, so one of
the normalizers is a proper normal subgroup containing .

(4) By Cauchy’s theorem, G has an element of order p which generates a subgroup H of
order p. If H is normal, then we are done. If H is not normal, then by (3) H is contained
in a nontrivial proper normal subgroup.

(5) We proceed by induction on the order of G. The case |G| = p is trivial. Now assume
the result holds for |G| < p* for some k, and let G be a group of order pF.

By inductive hypothesis, N (and hence G) has a full chain of subgroups of p-power order
up to |N|. Also by inductive hypothesis, G/N has a full chain of subgroups of p-power order
up to |G/N|, and by the correspondence between subgroups of G/N and subgroups of G
containing N, the chain of subgroups of G/N corresponds to a full chain subgroups from N
to G.

(6) Immediate from (5).

(7) Any subgroup whose index is the smallest prime dividing |G| is normal, so any
subgroup of G of order |G|/p is normal, so it suffices to show that a proper subgroup H is
contained in a subgroup of order |G|/p. By (3), H is contained in a normal subgroup, and
then by (5) that normal subgroup is contained in a subgroup of index p. O

Proposition 3.13.7. Let G be a finite p-group and let L = G*® @ F, = G/GP|G,G|. Let
N = GP|G,G]. Suppose x1,...,x, € G are such that x1N,... ,x,N generate L. Then
x1,...,x, generate G.

Proof. Let H = (x1,...,x,) be the subgroup generated by x1, ..., z,, and suppose H # G.
Then by Lemma |3.13.6| part 7, there exists a proper normal subgroup M of index p such
that H C M.

Since H ¢ M, M/(M NN) = G/H. Also, G/M = 7/pZ, and since this is abelian,
|G,G] € M. Also GP? is in the kernel of G — G /M, which is M, so N C M, so MNN = N.
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Then we have the following commutative diagram with exact rows.

l— MNN M >M/MHN—>1
|
1 > N G >G}N—>1
2/
1

But by the five lemma (for groups), the middle map must be an isomorphism, which is a
contradiction. Hence H = G. O

Remark 3.13.8. There is another way to prove Proposition |3.13.7| by developing some
theory about Frattini subgroups. The Frattini subgroup ®(G) is the intersection of all
proper maximal subgroups. Roughly, the outline of that approach is as follows.

1. If G is a p-group and H C G such that G/H = ®Z/pZ (G/H is elementary abelian),
then H C ®(G).

2. For a p-group G, ®(G) = G?|G, G].

3. ®(G) is equal to the set of nongenerators, hence any set of generators for G/®(G) is
lifts to a set of generators of G.

But of course, we can do this without reference to Frattini subgroups, so we return to ignoring
the existence of Frattini subgroups, and proceed to our main result.

Proposition 3.13.9. Let G be a finite p-group, and suppose dimg, HY(G,F,) = n where F,
s a trivial G-module. Then G has a set of generators xy, ..., x,.

Proof. We switch to using Z/pZ instead of F,. Since Z/pZ is a trivial G-module,
HY(G,Z/pZ) = Homy (G, Z/pZ)
Since Z/pZ is abelian, any homomorphism G — Z/pZ factors through G, thus
Homy (G, Z/pZ) = Homy (G, Z,/pZ.)

Any Z-homomorphism X — Z/pZ factors through X/pX, and may then be viewed as a
Z/pZ-homomorphism, so

Homgz(G™, Z/pZ) = Homyz,,z (Gab/(Gab)p, Z/pZ> = (Gab/(Gab)p>
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where x denotes the dual. Since Z/pZ is a vector space, any module is isomorphic to its
dual. Combining all our isomorphisms,

(G, 2/p2) = O s

Finally, consider the short exact sequence of groups

G?[G, G G “aal \
L — Ae.o)— Vo)~ a0 !
(Gab)P Gab G/GP[G, G]

The isomorphism for the final term is from the 3rd isomorphism theorem. By the 1st
isomorphism theorem applied to this sequence,

ab ~ G

A(c el (X

Let L = G?[G, G| as in Proposition Putting this all together,
HY(G,Z/pZ) = L

Finally, we use our main hypothesis, that H'(G,Z/pZ) is n-dimensional over Z/pZ, which
is to say,
HY(G,Z/pZ) = (Z/pL)" = L

So L has a set of generators x1N,...,x,N. Then by Proposition [3.13.7] the elements
x1,..., %, generate G. O]
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Chapter 4

Brauer groups

Now we turn to something that is at first look, unrelated to group cohomology, which is the
Brauer group of a field. There will be no group rings, projective resolutions, or long exact
sequences. Instead, we will talk about fields, matrix algebras, and endomorphism rings.
However, one of the great insights is that these two sets of language are connected in a key
way - the Brauer group, as defined in terms of algebras over a field K, is also isomorphic to
the second profinite cohomology group H?(Gal(K*P/K), K*P*).

Philosophically speaking, what is the Brauer group? It is an abelian group denoted
Br(K) associated to a field K, so it is an algebraic invariant of K. What does it measure?
In some sense, it measures how “algebraically complicated” K is. For example, the Brauer
group of an algebraically closed field (such as C) is the trivial group, and the Brauer group
of the real numbers R will be Z/27Z.

So Br(K) somehow detects that R is not algebraically closed, but R is “close” to being
algebraically closed, in the sense that it only takes a degree 2 field extension of R to get
an algebraically closed field (C). The Brauer group of a field which is “further” from being
algebraically closed is usually “bigger,” whatever that means. Obviously, this is an imprecise
statement, just intended to provide intuition and motivation.

Just defining the Brauer group in terms of central simple algebras takes a fair bit of
set up, so that is the concern of the first several sections of this chapter. We need some
key results about central simple algebras, like Wedderburn’s theorem, the Skolem-Noether
theorem, and the double centralizer theorem, before we can even define Br(K).

Even after that, it is not that easy to compute Brauer groups. We can compute it for R
and finite fields, but not too much more. To compute any more, we need to establish the
isomorphism with H?(Gal(K*P/K), K*P*) to make more calculations. Once we have that,
we can compute the Brauer group of a local field, which leads into local class field theory
(though we don’t go into local class field theory here).

4.1 Wedderburn’s theorem

Throughout, let K be a field. We will rarely put any additional assumptions on K, such as
the characteristic, or algebraically closed. An algebra A over K, also called a K-algebra, is
a K-vector space which also has a multiplication operation which makes A into a ring. We

116



will always assume that K-algebras have a unit, and are associative. However, we will NOT
assume they are commutative, in fact, it is reasonable to say that “most” of them will not
be commutative.

If Ais a K-algebra as we have described, we use 1 to denote the unit element of A. Then
there is an embeddings K — A,x — 1z, and we midly abuse language by referring to K
as a subset of A by identifying K with its image under this embedding. In particular, since
multiplying elements of A by elements of K is commutative, K is contained in the center
of A. However, the center of A may be strictly bigger than K. This leads to our first main
definition.

Definition 4.1.1. A K-algebra A is central if the center of A is exactly K.

Since A is a ring, we can talk about ideals. Since we rarely assume A is commutative, it can
have left ideals, right ideals, and two sided ideals, all of which are often distinct concepts.

Definition 4.1.2. A K-algebra A is simple if it has no proper two sided ideals (except the
trivial ideal).

The goal of this section is to prove a very strong structure theorem for central simple algebras,
called Wedderburn’s theorem. Basically, it says that all central simple algebras arise in a
very similar way as matrix algebras. Before that, some examples.

Example 4.1.3. Let D be a division algebra over K. Then D is clearly a simple K-algebra,
since any nonzero element is a unit and generates all of D as an ideal. The center of D is
a field, though not necessarily equal to K. We can at least say that D is a central simple
algebra over Z(D).

Example 4.1.4. The complex numbers C are a simple R-algebra, but not central because C
is commutative. However, the Hamilton quaternions H is a central simple R-algebra. They
have a presentation
H = (1,4,j,ij | i* = j> = —1,ij = —ji)
It is a division algebra, so by the previous example, it is simple. To show that H is a division
algebra, define the conjugate of a quaternion ¢ = a+bi+cj+dij to be g = a —bi —cj — dij,
and define the norm map
N:-H—-R q— qq

Then show that ¢ € H is a unit if and only if N(q) # 0, and show that N only vanishes for
q = 0. To see that H is also central, it mostly suffices to observe that 7, j,7j are not central
since 7, j anti-commute.

Example 4.1.5. Let A be any K-algebra. We will show that M, (A) is central. For 1 <
i,j <mn,let e;; € M, (A) denote the matrix with a 1 in the ¢jth entry and zeros elsewhere.
Note that for X = (z;;) € M, (A),

0 --- 0
0 -+ 2y - 0
X = | Ty 0 Tip Xey = : :
: 0 T 0

0 0
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with the nonzero entries appearing in the ith row and ith column, respectively. Suppose
X € M,(D) is central, so e;X = Xe; for 1 < i < n. This forces all of the off-diagonal
elements of X in the ¢th row and 7¢th column to be zero. Hence X is diagonal. Then since
X commutes with permutation matrices, all the diagonal elements have to be the same. For
example,

1 0 T2 0 1
0 X = T11 0 =X11 0 = T2 0
Id * Id *

Thus X = AId for some A € K, which shows that M,(A) is central.

Example 4.1.6. Let D be a division algebra over K. By the previous example, M, (D) is
central. We also claim that is is simple. It suffices to show that for X = (z;;) € M, (D)
nonzero, the two sided ideal (X) generated by X contains e;; for all 7, j, since the e;; give a
D-basis of M, (D). Because of the relation

€ki€ij€i0 = €y

if one e;; lies in (X), then all of them do, so suffices to show that e;; € (X) for some 4, j.
Choose 4, j so that x;; # 0. Then

xij 6“'X€jj = ezg
so e;; € (X).

As we already alluded, Wedderburn’s theorem is a powerful structure theorem for central
simple algebras, which is a sort of “converse” to the previous example. The previous example
said that M, (D) is central simple, and Wedderburn says that this is actually not special -
all central simple algebras are some matrix algebra over a division algebra. We state it now,
but delay the proof a bit more.

Theorem 4.1.7 (Wedderburn). Let A be a finite dimensional simple algebra over a field K.
Then A = M, (D) for a unique n > 1 and a unique up to isomorphism division K-algebra
D. Conversely, any algebra of the form M, (D) where D is a division algebra, is simple.

Before the proof, we need a few technical lemmas, which we omit proofs for.

Definition 4.1.8. Let A be a K-algebra. For A considered as a left A-module, we write
A.
A

Lemma 4.1.9. Let A be a (finite dimensional, unital, associative) simple K-algebra, and
let M C A be a minimal left ideal. Then

1. There exists n > 0 so that 4A = @, M as A-modules.

2. Any A-module is iosmorphic to a direct sum of copies of M. In particular, M is the
only simple A-module.

Proof. Proposition 1 of Rapinchuk [12]. O
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Lemma 4.1.10. Let A be a K-algebra and let M be a left A-module. Then there is an
wsomorphism of K-algebras

Ends(M™) = M, (Enda(M))
Proof. Stated and proved in somewhat more generality in Lemma 1 of Rapinchuk [12]. O

Lemma 4.1.11. Let A = M, (D) where D is a division ring, and let V = D" be the space
of n-columns on which A acts by left multiplication. Then V is a simple A-module and
Endy (V) & DeP.

Proof. Lemma 2 of Rapinchuk [12]. O
Now we finally prove Wedderburn’s theorem.

Theorem 4.1.12 (Wedderburn). Let A be a finite dimensional simple algebra over a field
K. Then A= M, (D) for a unique n > 1 and a unique up to isomorphism division K-algebra
D. Conversely, any algebra of the form M, (D) where D is a division algebra, is simple.

Proof. First, we claim that
EIldA(AA) — AP qb — ¢(1)

is an isomorphism of K-algebras. If ¢ € End4(4A), then for a € A,

so ¢ is determined by ¢(1), so the claimed map is certainly bijective. It is K-linear because
K — A and ¢ is A-linear. Finally, we show it is a homomorphism. We use - to denote
multiplication in A°?. Then

potp = o(y(1)) = b(1)o(1) = ¢(1) - ¥(1)

so this establishes End4(4A) = AP as K-algebras. By Proposition part (1), 4 A= M"
as an A-module, so Ends(4A4) = Ends(M™). By Lemma [4.1.10] we have Ends(M") =
M, (Ends(M)). Putting these isomorphisms together,

A® =2 End(4A) = Enda(M"™) = M, (Ends(M))
For any ring R, we have an isomorphism
My (R) — M,(R®)  mwm’
which in the case R = Enda (M), gives
M, (End 4 (M))°? = M, (End 4 (M)°P)

A2 (A%)P 2 N (End g (M) 22 M, (End 4 (M)°P)
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By Schur’s lemma, End (M) is a division ring, so it’s opposite is also a division algebra.
Thus A = M, (D) for some division algebra D.

Now for uniqueness. Suppose A = M, (D) = M,,(Ds). Let Vi = D", Vo = D3*. By
Lemma Vi, Vy are simple A-modules. Then by Proposition part (2), Vi 2V, as
A-modules. Using Lemma [4.1.11] again,

D? 2 Enda (V1) & Ends(Va) = D5P
hence Dy = D, as K-algebras, proving uniqueness of D. Also,

dimg A = n% dimg D; = n% dimz Do
implies n; = ny since Dy = Ds. O
Wedderburn’s theorem is very powerful and imposes a lot of structure on an arbitrary cen-

tral simple algebra. Already, we have the following corollary which restricts the possible
dimensions of central simple algebras to squares.

Corollary 4.1.13 (Dimension of central simple algebra is a square). Let A be a finite
dimensional central simple K-algebra. Then dimg A is a perfect square.

Proof. Let K be an algebraic closure of K, and let B = A ®x K. By Propositiogm B
is simple, so by Wedderburn’s theorem, B = M, (D). By Proposition , D = K. Then
dimg A = (dimg A)(dimz K) = dimz B = n?
O

4.2 Skolem-Noether theorem and double centralizer the-
orem

Similar to Wedderburn’s theorem, though not quite as powerful, are the following theorems
which we will use ubiquitously in what follows. We leave out the proofs, since they are rather
boring.

Theorem 4.2.1 (Skolem-Noether). Let A, B be finite dimensional simple K-algebras with
B central. If f,g: A — B are two K-algebra homomorphisms, then there exists b € B> such
that
g(a) =bf(a)b™? Va e A
Definition 4.2.2. Let A be a K-algebra, and let B C A be any subset. The centralizer
of Bin A is
Za(B)={x € A|zb= bz, Vb€ B}

Theorem 4.2.3 (Double centralizer). Let A be a central simple simple K-algebra, and let
B C A be a simple subalgebra. Then
1. ZA(B) @k Mgim, 5(K) = A® B

dimg A

3. Za(Za(B)) = B. (This is the result usually known as the double centralizer theorem.)

2. Z4(B) is a simple subalgebra of A of dimension
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4.3 Defining the Brauer group

We now have most of the background tools we need to define the Brauer group, although
the official definition has to wait until Definition [£.3.9] Given a field K, the Brauer group
Br(K) is going to be equivalence classes of central simple algebras. Roughly speaking, the
equivalence relation declares matrix algebras M, (K) to be “trivial.”

The operation in Br(K) is essentially tensor product - given two central simple K-algebras
A, B, the product of them in the Brauer group is the equivalence class of A ®x B. Making
this precise is most of the work before the official definition - we need to prove that the tensor
product algebra A ®x B is central simple, which takes some doing. We also need to verify
that this operation repects the equivalence relation, and we need to locate inverse elements.
Once we do that, we’ll have a a definition for the Brauer group.

4.3.1 Lemmas needed to define the Brauer group

The first question we address is how centers of algebras and central algebras interact with
taking tensor products of algebras, which is definitively resolved in Proposition [4.3.2]

Lemma 4.3.1. Let V.W be K-vector spaces. Let wq,...,w, € W be linearly independent.
If there exist vy, ..., v, €V such that

Zvi®wi:vl®wn—l—--~+vn®wn20EV®KW

i=1
thenvy, =---=wv, =0.

Proof. Extend wq,...,w, to a basis wy,...,w,,...,wamw of W. Let z1,...,2qmyv be a
basis of V, and write v; as

v; = Z Qi T4 Qi € K
J
Then

0= Zvi Q@ w; = Z (Z@Ul’j> @ w; = Zaij(%’ ® w;)
i J i,j

Since the simple tensors x; ® w; form a basis of V ®@x W, by linear independence «;; = 0 for
all 4, 7. That is, v; = 0 for all . O

Proposition 4.3.2 (Tensor product of central algebras is central). Let A, B be algebras over
K. Then
Z(A QK B) = Z(A) QK Z(B)

In particular, the tensor product of central algebras is central.

Proof. The inclusion D is easy, so we dispatch it first. If a® b € Z(A) ® Z(B), then for any
r®ye AR B,

(z@y)(a®b) =ra®yb=ar @by = (a®b)(z R y)

121



thus a @ b € Z(A ® B). The reverse inclusion is not so immediate. Let z € Z(A ® B), and
write it as

z:Zai@)bi a; € A,b; € B
=1

and choose this so that n is minimal. We claim that the set {ai,...,a,} is linearly in-
dependent over K, as is the set {b1,...,b,}. Suppose not, so that by,..., b, are linearly
independent, so we can write b; as a K-linear combination

by = Baba + -+ + Bnbn pi € K

Then we can write z as

n

z = (Gl ® Z@@) + Zai ® b = Z(ﬁial +a;) @0
i=2 i=2

=2

contradicting the minimality of n from earlier. The same argument with roles reversed
shows the linear independence of the a;. Now we claim that a; € Z(A) and b; € Z(B) for
i=1,...,n. For any a € A, since z € Z(A ® B), we have

n

0=(a®1l)z—z2(a®1) = Z(aai — a;a) ® b;
i=1
Then by linear indepence of the b; and Lemma [4.3.1} the we have aa; — a;a = 0 for all 4, that

is, aa; = a;a which says that a; € Z(A) for all 7. By the same argument with roles reversed,
b; € Z(B) for all i. Hence z € Z(A) ® Z(B). O

Having resolved the interaction of central-ness and tensor products, we need to know a
similar relationship for simple-ness. The relationship is not quite as clean, but good enough.
The proof is very technical so we leave it out.

Proposition 4.3.3 (Tensor product of simple algebras is simple, if one is central). Let
A, B be simple K-algebras, at least one of which is also central. Then A @k B is a simple
K-algebra.

Proof. See Theorem 2 of Rapinchuk [12]. O

We mentioned earlier that the equivalence relation in the Brauer group is going to force
matrix algebras M, (K) to be trivial in Br(K'). The next lemma explains why this has to be
the case - tensoring with a matrix algebra over K does not really change the algebra in a
“significant” way. That is, it does not change the associated division algebra (coming from
Wedderburn’s theorem), it just increases the dimension. A good way to think of (1) in the
next lemma is that it says that M, (K) represents the identity element of Br(K).

Lemma 4.3.4 (Identity for Brauer group). Let K be a field. Then
1. For any K-algebra R and positive integer n, R @y M,(K) = M,(R).

2. For any positive integers m,n, M,,(K) Qg M, (K) = M, (K).
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Proof. (1) An isomorphism is given by
R®k M,(K) — M,(R) r®T T

with inverse given by

Mn(R) — R@K Mn<K) (7”@‘) — Zrij ®eij
i,J
where e;; is the matrix with 1 in the 7jth entry and zeroes elsewhere.

(2) Up to choice of basis, M,,(K) = Endg(K™), so we work with the endomorphism
rings instead. There is a homomorphism

Endg(K™) ®@x Endg(K™) — Endg(K™ ® K™) = Endg (K™)
o (r@y e o(n) @ v(y))

Note that by Proposition the domain is a simple algebra. Then since the map is
nonzero, it is injective (since the domain is simple). Then since the dimensions are equal, it
is an isomorphism. O

Before we even define the Brauer group, we're going to address the question of inverses. Of
course, we haven’t described the equivalence relation yet, but we do know that the identity
element should be represented by a matrix algebra M, (K).

So given an algebra A, how to find an algebra which we can tensor with A to obtain a
matrix algebra? Is there some algebra associated to A which is a clear candidate? Perhaps
the reader sees this as coming out of thin air, but the opposite algebra A°P is one algebra we
might consider, and it turns out to be the right choice.

A°P is the same as A as a set, but the multiplication operation is reversed. This reversal
doesn’t affect what the center is, or affect two-sided ideals, so A°P is central simple (as long
as A was).

Proposition 4.3.5 (Inverses for Brauer group). Let A be a central simple K-algebra of
dimension d. Then
A KK A% = EDdK(A> = Md<K)

Note that these are isomorphisms of K-algebras.

Proof. For a € A, define

L,:A— A T ax
R,: A— A T xa

Note that L., R, € Endg(A). Then define

L:A — Endg(A) a— L,
R: A°® — Endg(A) a— R,
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We claim that L, R are K-algebra homomorphisms. First we verify K-linearity. Let a €
AXNEK.

Lyo = (z = daz) = Mz — az) = N\,
Ry, = (x — x)Xa) = Az — xa) = AR,

Now we verify that they preserve multiplication. Let a,b € A. We denote multiplication in
A°P by a - b= ba. (Adjacent letters with no symbol denotes usual multiplication in A.)

Loy = (x — abz) = (x — ax) o (x — bx) = L, Ly
Ropy=(x—x(a-b) = (x> xba) = (z — za) o (x +— xb) = R, Ry

Now we note that for a,b € A, L,, R, commutes in Endg(A).
L,Ry(x) = Ly(bx) = abx = Ry(ax) = RyL,(x)
Thus we have a K-algebra homomorphism
F:A®kg A® — Endg(A) a®b— LRy, = RyL, = (x — azb)

Since A is simple, so is A°P; so by Proposition [4.3.3] A ®x A is simple (this is where we
use the fact that A is central). Hence since F' is not the zero morphism, it is injective. But
then by dimension counting, it is also surjective, so

A ®K AP = EIldK(A)

As a K-vector space, A is just K%, so the final isomorphism Endg (A) & M,y(K) is the usual
basis-dependent isomorphism between K-linear maps K¢ — K? and d x d matrices with
entries in K. O

4.3.2 Definition of Brauer equivalence

Now that we’ve done the hard part of addressing aspects of Brauer group multiplication, we
can address the easier part, which is just what the right equivalence relation Br(K') should
have. The first somewhat reasonable choice is to use the division algebra invariant associated
to a central simple algebra A by Wedderburn’s theorem - the uniqueness aspect makes it a
good invariant, so we could declare central simple algebras to be equivalent if they have the
same associated division algebra. This is exactly what our equivalence relation is, though
we also give another equivalent condition in terms of tensoring with matrix algebras M, (K)
which is frequently given as the definition in other sources.

Lemma 4.3.6 (Equivalent conditions for Brauer group equivalence). Let Ay, Ay be central
simple algebras over a field K, with Ay = M, (D;), Ay = M,,(Ds) for unique integers ni,ns
and unique up to isomorphism division algebras Dy, Dy (by Wedderburn’s theorem .
The following are equivalent.

1. D1 = D,
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2. There exist integers my, mg such that Ay @y My, (K) = Ay @ M, (K).
Proof. First we prove (1) = (2). Suppose D; = D,. Then using Lemma a few
times,

A1 @4 My (K) 2 My, (D1) @ My (K) = (D1 @k Moy (K) ) @1 My (K)

= Dy @i (M, (K) @ Min(K) ) 2 D1 @ Moyna(K)
= Mn1n2(D1) = Mnlnz (D2> = DQ KK Mnlnz (K)

which proves (2). For the converse, suppose Ay Q@ M, (K) = Ay @ M,,,(K). Then using
a similar chain of isomorphisms to the above,

Mmml(Dl) = A ®k Mm1 (K) = A Qk Mmz(K) = Mmzm(DQ)
By the uniqueness of Wedderburn’s theorem this implies Dy = D,. O

Definition 4.3.7. Two central simple algebras are similar if either the previous two condi-
tions hold. That is, A; ~ A, if the associated division algebras are isomorphic, or if Ay, Ay
become isomorphic after tensoring with some matrix rings over K.

Lemma 4.3.8. Similarity as defined above is an equivalence relation.

Proof. Thinking in terms of condition (1), this is immediate from the uniqueness aspect of
Wedderburn’s theorem and the fact that isomorphism is an equivalence relation. O

Finally all our work has paid off, and we can define Br(K') properly.

Definition 4.3.9. The Brauer group of a field K is the set of equivalence classes of central
simple algebras under the previous equivalence. The product operation is given by

[A][B] = [A®k B]
We show this is well defined in the next proposition.

Proposition 4.3.10. The Brauer group product operation is well defined, associative, and
commutative. It has unit [M,(K)], and an inverse for [A] is given by [A°P].

Proof. By Proposition A®g B is simple, and by Proposition [£.3.2] A ®x B is central,
so taking the equivalence class of A ® B at least makes sense.

We need to verify that this product is independent of the choice of representative algebras
A, B. Suppose A', B" are other representatives with [A] = [A'],[B] = [B’]. Then there are
integers m, m’,n,n’ so that

ARy My (K) = A @k My (K) B®x M,(K) = B @k M (K)

Then
(A®K B) @ Myn(K) = (A @k B') @k My (K)

hence [A®k B] = [A'®k B'], so the product is well defined. Associativity and commutativity
follow immediately from associativity and commutativity of ®g. [M,(K)] is an identity
element by Lemma [A°P] is an inverse for [A] by Proposition [4.3.5] O
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Remark 4.3.11. An equivalence class of central simple K-algebras corresponds, via Wedder-
burn’s theorem to an isomorphism class of division algebras over K. Thus the points
of the Brauer group Br(K) are in one-to-one correspondence with isomorphism classes of
division algebras over K.

4.4 Relative Brauer group

We now have an associated abelian group Br(K) to any field K, so we have “half a functor.”
The half missing is that if we have a morphism of fields K — L, there should be an associated
morphism Br(K) — Br(L). Of course, the category of fields doesn’t have complicated
morphisms, because everything is just an embedding, so really the question is, how are
Br(K) and Br(L) related if L/K is a field extension? This is measured by the relative
Brauer group Br(L/K).

Lemma 4.4.1. Let L/K be a finite extension and let A, B be K-algebras. Then there is an
isomorphism of L-algebras

(A®k B) @k L= (A®k L) ®L (B®k L)

Thus
Br(K) — Br(L) Al = [A®gk L]

15 a group homomorphism.

Proof. The isomorphism is straightforward to write down in terms of elements. The homo-
morphism property follows immediately. O

Definition 4.4.2. Let L/K be a finite field extension. The relative Brauer group
Br(L/K) is defined to be the kernel of the homomorphism

Br(K) — Br(L)  [A]— [A®xk L]

If we want to emphasize that we’re talking about a Brauer group which is not relative, we
sometimes refer to Br(K') as the absolute Brauer group.

Since it is not always so easy to tell when an algebra A becomes trivial (becomes isomor-
phic to a matrix algebra) after tensoring with L, we would like to to characterize Br(L/K)
as a subset of Br(K) in a way that is easier to check for individual algebras. The following
result gives a very convenient characterization.

Loosely speaking, Br(L/K) is subset of Br(K) of algebras which “contain” (an isomorphic
copy) of L. This isn’t really true, though, because it doesn’t make sense for an element of
Br(K) to contain an isomorphic copy of L, since an element of Br(K) is not an algebra, but
rather an equivalence class of algebras. So what is more accurate to say is that Br(L/K) is
the subset of Br(K') for which there exists an algebra in each equivalence class containing a
copy of L. The next theorem makes this precise.

Theorem 4.4.3. Let L/K be a a finite extension and let n = [L : K].
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1. If A is a central simple K -algebra with dimy A = n? and L C A, then AQx L = M,(L).

2. If AQkg L = M,(L), then there exrists a unique (up to isomorphism) central simple
K-algebra A’ such that A ~ A’, dimg A’ =n?, and L C A'.

Thus
Br(L/K) = {[A] € Br(K) : dimg A =n* L C A}

Proof. Theorem 6 of Rapinchuck [12] or Proposition 2.2.9 of Gilles & Szamuely [4]. O

Based on how we just characterized the relative Brauer group Br(L/K) in terms of subfields
of K-algebras, it might be useful later to understand when algebras contain fields and that
sort of thing. The main result is the following, which guarantees the existence of a maximal
subfield whose dimension is the square root of the dimension of the algebra.

Proposition 4.4.4. Let D be a central division algebra over a field K of dimension dimg D =
d®>. Then D contains a mazimal subfield L which is a separable extension of K, and
dimg L = d.

D
K
L

d

K

Proof. Corollary 5 and Proposition 3 of Rapinchuk [12]. Note that there is no uniqueness of
L; there may be many maximal subfields, though they must all have dimension d. O]

There is a parallel, as we will see more later, between Brauer groups and Galois groups. For
a field K with separable closure K*P_ the absolute Galois group Gal(K*?/K) is the inverse
limit of Gal(L/K) for all L/K finite Galois, so the absolute Galois group is determined by
an collection of finite groups. Similarly, the absolute Brauer group Br(K) is determined by
the collection of the relative Brauer groups Br(L/K) for all L/K finite Galois, as the next
proposition makes precise.

Proposition 4.4.5. Let K be a field, and let L be the set of all finite Galois extensions of

K. Then
Br(K) = | J Br(L/K)
Lel

Proof. Proposition 5 of Rapinchuk [12]. O

The analogy is even better, since the absolute Brauer group Br(K'), which we said corre-
sponds in some way to the absolute Galois group Gal(K®P/K), is equal to the relative Brauer
group Br(K®?P/K), as the next corollary tells us.

Corollary 4.4.6. Let K be a field with separable closure K*®. Then Br(K) = Br(K*?/K).
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Proof. The inclusion D is obvious from the definitions. For the reverse inclusion, we basically
repeat the proof of Proposition 5 from Rapinchuk [12].

Let [A] € Br(K) with representative central simple algebra A. By Wedderburn’s theorem,
A = My(D) for a division algebra D. Let ¢* = dimg D. By Proposition D contains a
subfield P so that P/K is separable, so P C K*P. By Theorem part 1,

D ®yg P = My(P)
Then

A®kg P= MyD)®@k P

~ (My(K) @ D) @ P Lemma [£.3.4]
= (My(K)®k P)®p (D @k P) Lemma [4.4.1]
= My(P) @p My(P) Lemma
=~ My(P) Lemma [£.3.4]

Then since P C K5,
A®g K* =2 (A®k P) @p K°P = My(P) @p K°P = Mg (K°P)

which is to say, [A] € Br(K®*P/K). O

4.5 Brauer group as Galois cohomology group

Before getting to details, we describe the end goal of this section, which is to identify Br(K)
with a certain profinite cohomology group. In particular,

Br(K) = H*(Gal(K*?/K), (K*P)*)
More generally, we have an isomorphism involving relative Brauer groups.
Br(L/K) = H*(Gal(L/K), L)

This isomorphism arises from an isomorphism of inversely directed systems, of which Br(L/K)
and H*(Gal(L/K), L*) are the respective direct limits. That is, first we will find an isomor-
phism for L/K finite, then using direct limits we will obtain the general case.

As usual, we omit many details, since the construction of the isomorphism above in the
finite case is quite involved, and the proof that the map constructed is an isomorphism is
also involved.

4.5.1 2-cocycle (factor set) associated to a central simple algebra

In this section, we associate an element of H?*(Gal(L/K), L*) to an element [A] € Br(L/K).
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Definition 4.5.1. Let L/K be a finite Galois extension, and recall that
Br(L/K) = {[A] € Br(K) : dimg A =n” L C A}

Let [A] € Br(L/K) with representative A so that dimgx A and L C A. Let 0 € Gal(L/K).
Since A is central simple over K and L is simple over K, we can apply the Skolem-Noether
theorem to the two homomorphisms

L— A ar>a
L— A a o(a)

By Skolem-Noether, these are conjugate, which is to say, there exists x, € A* so that
reax,' = o(a) Va € L

Then for 0,7 € Gal(L/K), define
1

Uo7 = Tolr Ty
The collection {a, .} is the factor set of A relative to L.

Here are some facts which we state without proof to explain various aspects of the previous
definition. Let G = Gal(L/K).

1. (Lemma 6 [12]) The elements z, (for o € G) give a basis of A over L, that is,

A:@L%

2. The elements a, . lie in L™, so they may be viewed as functions

GxG— L (0,7) = g+

3. The products z,z, for 0,7 € G determine all the multiplication in A, and
Lolr = Qg rTor
hence the collection {a,,} captures all information about multiplication in A.

4. The functions a,, are in fact 2-cocycles (elements of Z%(G, L*)), since they satisfy the
relations

p(aU,T)ap,aT = Qp,oclpo,r

for p,o, 7 € G.

5. If we replace the central simple algebra A with another Brauer-equivalent central simple
algebra A’ (that is, [A] = [A']), and repeat the construction to obtain a factor set {a, .}
for A’, then there are elements b, € L™ such that

bo0 (b,
a/0'77' = ( Z:T >) a’O’,T
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Since (%@) is a 2-coboundary, this says that

lal ] = [as+] in H*(G, L")

g, T

Thus we have a well-defined map
Br(L/K) — H*(G,L*)  [Al~ [{aor}]

For more details behind all of these facts, see pages 13-14 of Rapinchuk [12].
Definition 4.5.2. We give a name to the map defined/constructed above.

Br/k : Br(L/K) — H*(Gal(L/K),L*) [A] = [{as+}]
Eventually, we want to show that 3.,k is an isomorphism.

Lemma 4.5.3. 1,k is injective.

Proof. Lemma 7 of Rapinchuk [12]. O

4.5.2 Algebra (crossed product) associated to a 2-cocycle (factor
set)

To show that (/k is surjective, we construct an algebra from a cocycle/factor set {a, . }.
That is, we’re going to construct an inverse map

H*(Gal(L/K),L*) — Br(L/K)
Definition 4.5.4. Let {a,.} be a factor set, thought of as an element of Z?(G, L*). Define

the L-vector space
A= @ Lz,

ceG
Then define multiplication in A by

(a525)(brxr) = 450 (b; )00 Tor

and extend this by L-linearity. That is,

<Z aoxo> (Z b7x7> = Z 50 (br )y +T oy

o o,T

We then view A as a K-algebra. The algebra A is called the crossed product of L and
G relative to the factor set {a, .}, and is denoted (L, G, {a,}).

Lemma 4.5.5 (Surjectivity of (k). Let L/K be a finite Galois extension and G =
Gal(L/K), n=[L: K| =|G|. Let {ay,,} be a factor set. The K-algebra A = (L,G,{ay})
1$ an associative, umtalﬂ central simple K-algebra containing (an isomorphic copy of) L,
and with dimg A = n?, and

Br/xlAl = {ao.r}]

Hence Br/k 1s surjective.

'In particular, aiixl is the identity
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Proof. Lemma 8 of Rapinchuk [12]. Note that because (L, G, {a, - }) contains a copy of L and
has dimension n?, we know from Theorem that it represents a class in Br(L/K). O

Theorem 4.5.6 (Brauer group isomorphism in finite case). Let L/K be a finite Galois
extension. The map

Br/k : Br(L/K) — H*(Gal(L/K),L*) [A] = [{as+}]
s a group isomorphism.

Proof. By Lemmas it suffices to show that (;,x is a group homomorphism.
Details in Theorem 7 of Rapinchuk [12]. O

This concludes our construction and discussion of the isomorphism
Br(L/K) = H*(Gal(L/K), L)

in the case where L/K is finite. All we need to do now is extend this result to the infinite
case. This is not so hard, compared to the work needed in the finite case.

4.5.3 Extension to infinite extensions, main isomorphism

Remark 4.5.7. Let L/K be an infinite Galois extension and let £ be the set of intermediate
finite Galois extensions K C ¥ C L. If E, Fy € £ with E; C E,, then there is a restriction
map

Gal(Ey/K) — Gal(E\/K) o+ 0o,

P| which induces the inflation map on cohomology
0y : H*(Gal(E1/K), EY) — H*(Gal(Ey/K), E5)  [{aor}] = o), rls, 1]

which makes the groups H*(Gal(E/K), E*) into a directed system. Furthermore, from the
theory of profinite cohomology (Proposition [3.12.6)), the direct limit is

H*(Gal(L/K),L*) = ling H*(Gal(E/K), E*)
EcE
Remark 4.5.8. Let L, K, € be as above, with Ey, F5 € £ and E; C E,. There is an inclusion
map

13 : Br(E,/K) — Br(Ey/K) [A] — [A]
so the groups Br(E/K) form a direct system, with direct limit

Br(L/K) = ] Br(E/K) = lim Br(E/K)

2This makes the groups Gal(E/K) into an inversely directed system and Gal(L/K) = Jim Gal(E/K),
Eec&

see Proposition [2.3.1}
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So both Br(L/K) and H?(Gal(L/K),L*) are direct limits of directed systems, which are
both indexed by intermediate finite Galois extensions E/K. Furthermore, for each pair
Br(E/K) and H*(Gal(E/K), E*), we have an isomorphism

Bk : Br(E/K) — H*(Gal(E/K), EX)

Nevertheless, this is not enough to immediately conclude that the direct limits Br(L/K') and
H?*(Gal(L/K),L*) are isomorphic. What we need is an isomorphism of directed systems,
which is exactly what the next proposition accomplishes.

Proposition 4.5.9 (Isomorphism of directed systems for Brauer group). Let L/K be an infi-
nite Galois extension and let £ be the set of intermediate finite Galois extension K C E C L.
The isomorphism gk give an isomorphism of directed systems (H?*(Gal(E/K), E*),0}) =
(Br(E/K), L;) That is, for all By, Es € £, E1 C Es, the following diagram commutes.

Br(E;/K) s y Br(E,/K)

lﬁEl/K lﬁEQ/K
1

H(Gal(Ey/K), EX) —2 H2(Gal(Es/K), EY)
Thus the direct limit of maps Br/k gives an isomorphism on the direct limits.

5L/K:11$ B K
ﬁ

Br(L/K) H2(Gal(L/K), L*)

In particular, since Br(K) = Br(K*?/K) (Corollary[4.4.6)),
Br(K) = H(Gal(K*?/K), (K*?)")
Proof. Proposition 6 and Theorem 8 of Rapinchuk [12]. O

Remark 4.5.10. One immediate corollary of this is that Br(/K) is a torsion group. From the
Cor o Res composition (Proposition [3.9.17), we know that H*(Gal(E/K), E*) is torsion for
E/K finite Galois, and the direct limit of torsion groups is torsion, so H*(Gal(K*P/K), KP*)
is torsion, so Br(K) is torsion.

This is not at all obvious from the description in terms of algebras, since it says that for
any central simple algebra A, the tensor product A ® A ® --- ® A is eventually isomorphic
to a matrix algebra M, (K) if we tensor enough times.

The isomorphism Br(K) & H?*(Gf, (K5P)*) also has some relation to cup products, via the
next result. This result really belongs in a discussion of the Merkurjev-Suslin theorem, so
we include it there later (see Proposition [5.8.16)), but it has some interest at this stage as
well.

Definition 4.5.11. Let L/K be a cyclic Galois extension of order m, and fix an isomorphism
X : Gal(L/K) — Z/mZ. Let b € K*, and let o = x"(1). The cyclic algebra (y,b) is the
algebra with the following presentation. It is generated as an L-algebra by L and an element
y, satisfying

y" =0 o\ =y 'y, VA€ L
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Proposition 4.5.12. Let K be a field, let m € Z~q, fix a separable closure K°P, and let
Gk = Gal(K®*P/K). Let L/K be a cyclic Galois extension of degree m contained in K°P,
and fix an isomorphism

x : Gal(L/K) = Z/mZ

Then define
X:Gx — Z/mZ o x(olp)

so that X € H' (Gg,Z/mZ). Let § : HY(Gg,Z/mZ) — H*(Gg,Z) be the coboundary map
of the LES associated to
0=7Z57—7Z/mZ—0

E] Then consider the cup product map

H*(Gg,Z) x H(Gg, (KP)*) —2— H?(Gg, (K*P)%)

Under the isomorphism
H?(G, (K>P)*) = Br(K)

the element 6(X) U b corresponds to the Brauer class of the cyclic algebra (x,b).
Proof. Proposition 4.7.3 of Gille & Szamuely [4]. O

4.5.4 Restriction maps

For a finite Galois extension L/K, we can give a cohomological interpretation of the map
Br(K) — Br(L) Al = [A®Kk L]

In particular it is “the same” as the Res map on cohomology. This statement is made more
precise by the next proposition.

Proposition 4.5.13. Let K C L C M be a tower of fields with M /K finite Galois. Consider
the homomorphism

€:Br(M/K)— Br(M/L) [A] = [A®Kk M]
Note that Gal(M/L) is a subgroup of Gal(M/K), so there is the (profinite) cohomology map
Res : H*(Gal(M/K), M*) — H*(Gal(M/L), M*)
Then the following diagram commutes.

Br(M/K) ‘ » Br(M/L)

%l/BM /K %lﬁ M/L

H?(Gal(M/K), M*) 2% H?(Gal(M/L), M*)

3Note that we are viewing Z and Z/mZ as trivial G g-modules, and by Proposition HY Gk, Z/mZ) =
Homy (G, Z/mZ), so X € HY (G, Z/mZ).
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In particular, in the case M = K>, we note that L**® = K Br(K) = Br(K*?/K),Br(L) =
Br(L*P /L), so the above commutative square becomes

Br(K) AiAsKh] , Br(L)

- !

H*(Gal(K*?/K), (K*P)*) —1= H2(Gal(L*?)/L), (L*®)%)

Proof. Proposition 7 of Rapinchuk [12]. O

4.6 Brauer group computations

By now, we have many powerful tools available for computing Brauer groups. We have
the Skolem-Noether theorem, Wedderburn’s theorem, results about maximal subfields and
relative Brauer groups, and most importantly an identification of Br(K) with a profinite
cohomology group.

We start with algebraically closed fields, which are very simple - they have trivial Brauer
group. Then we tackle a general case of a relative Brauer group Br(L/K) in the case where
Gal(L/K) is cyclic, which gives a very computationally useful tool at the end. This allows
us to calculate Br(R) and Br(F,). Finally, we use this tool to calculate the Brauer group of
a local field, such as Q,.

4.6.1 Algebraically closed fields
Proposition 4.6.1. Let K be an algebraically closed field.

1. The only finite dimensional division algebra over K is K itself.
2. If A is a finite dimensional simple K-algebra, then A = M, (K) for some n.
3. Br(K) is trivial.

Proof. (1) Let D be a finite dimensional division algebra over K, and suppose D # K. Then
there exists & € D\ K, and then K(a)/K is a finite algebraic extension, which is impossible
since K is algebraically closed. Hence D = K.

(2) By Wedderburn’s theorem, A = M, (D) for some division algebra over K, but then
D =K by (1).

(3) M, (K) represents the identity element of Br(K), so (2) says that everything in the
Brauer group is equivalent to the identity. O]

4.6.2 Cyclic algebras - relative Brauer group of cyclic Galois exten-
sion

Let L/K be a finite Galois extension with cyclic Galois group, and let Nf( be the norm map.
The goal of this section is to describe an isomorphism

Br(L/K) = K*/NL(LX)
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This is useful for computing various absolute Brauer groups. For example, an immediate
application is Br(RR), since the separable closure C/R is a finite cyclic extension. This can
also be utilized to compute the Brauer group of a finite field, or of a local field.

Remark 4.6.2. Using group cohomology, it is easy to see that for L/K finite cyclic Galois
Br(L/K) = H*(Gal(L/K), L*) = K*/ Nk (L")

We will ignore this for the moment, and attempt to describe this using purely the language
of algebras.

Definition 4.6.3. Let L/K be a finite cyclic Galois extension. Let [A] € Br(L/K), and
choose a representative central simple algebra A with dimx A = n? so that L C A (this
exists by Theorem [4.4.3). Let 0 € Gal(L/K) be a generator. Using the Skolem-Noether
theorem [4.2.1] choose x, € A* such that

reax,' = o(a) Va € L

Set z,i = (2,)"™4", and note that z,az; = o'(a) for all @ € L and all 4, so as in
Definition the z,: for i =0,...,n — 1 give an L-basis of A and we obtain a factor set
ayi 5i associated to A. Now set oo = (z,)", and note that o € K* E|, and that

T yiti 1+ <n
Loilgi = . .
QT i+i—n 14+ ] >N

Thus multiplication for the algebra A is determined by «, and we denote this algebra by
(L,o0, ) and call it a cyclic algebra.

Remark 4.6.4. Since [A] was arbitrary in the previous definition, the discussion shows that
every element of Br(L/K) is of the form [(L, o, )] for some o € K*. We can describe the

factor set associated to (L, o, a) as
L L 1 14+7<n
-1 - d
ao'i,O'j = xo-ixo'jxo_ﬂrj = (1,0_)1+J(x0_) (Z+J) modmn {a Z+] Z n

We denote this factor set by {ayi yi(a)}. So under the isomorphism Br(L/K) =~ H*(Gal(L/K), L*),
the classes [(L, 0, )] and [a,i i ()] are mapped to each other.

Definition 4.6.5. The assignment
Br(L/K) = K* (L,0,0)] — «

is not quite well defined, because o depends on the choice of x,. However, a different choice
x! satisfying 2/ a(x!)~! for all a € L must be of the form z/ = x,t for some t € L*, and
then if o = (2)" we get
o = ()" = (2,1)" = xptast - wot = o(t)Tolol -+ Tot

= =0o(t)o?(t)- - 0" (t)(w,)" = Ng(t)a

Y(zo)"a(r,)™™ = 0"(a) = a implies that o € Z4(L) = L (using Corollary 4 of Rapinchuk [I2], and then
o(a) = roar;! = z,2"x;1 = (1,)" = a so ais fixed by Gal(L/K), hence a € K. It cannot be zero because
T, is a unit, so a € K*.
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Thus if instead of mapping to K*, we map to K*/NE(L*)K*, we have a well-defined
assignment, and we have a map

Yo P Br(L/K) — KX /N(L*)  [(L,0,a)] = aNg(L¥)
This map turns out to be an isomorphism.

Theorem 4.6.6. Let L/K be a finite cyclic Galois extension and let o be a generator of
Gal(L/K). Then there is an isomorphism of groups

Yok : Br(L/K) — K*/Nj(L*) [(L,0,a)] — aNE(L™)

Proof. First we show it is a homomorphism. Let [(L,o,a)],[(L,0,8)] € Br(L/K) with
a, B € K*. Using the isomorphism with H?, let a,i 5i (), ayi ,5(3) be the associated factor
sets. Then

Qi i (Of)aoi,oj (ﬁ) = Qgi i (Oéﬁ)
hence

[(L7 g, Oé)] ) [(L7 g, B)] - [(L’ g, aﬁ)]
Thus applying vr/x we get

e (Lo o,0)] - (B0 8))) = 7/l(L, 0, a)]
= (aB)Ng(L¥)
= (aNg(L)) - (BNg(L))
= (Y& (L, 0,0)]) - (vp/kl(L, 0, 8)])
Hence vy is a group homomorphism. For injectivity, if @ = o mod Ng(L*) and more
precisely, o' = aNE(t) for t € L*, then the correspondence

(z))" = (z4t)" i=0,....,n—1

g

extends to an isomorphism of algebras (L, 0, a) = (L, 0,a’). Surjectivity of . k follows from
the fact that {aoiﬂj (04)} is a cocycle for any av € K*. Thus 7k is an isomorphism. O

We don’t need the next lemma at the moment, but we will use it later for computing the
Brauer group of a local field, so we record it now. It addresses how cyclic algebras behave
in towers.

Lemma 4.6.7. Let K C E C F be a tower of fields with F/ K finite cyclic Galois, and let let
o be a generator of Gal(F/K). Let n = [F : K|,m = [F : E], and let 0 = 7|p € Gal(E/K).

F
E
K
Then
(E,,0)] = [(F,,0"™)] € Br(F/K)
Proof. Lemma 10 of Rapinchuk [12]. O
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4.6.3 Real numbers

First we compute Br(R) using our knowledge of relative Brauer groups of cyclic extensions,
since C/R is the separable closure, and is a cyclic extension. Then, we re-derive the same
result using just some results about algebras, primarily the Skolem-Noether theorem and
existence of maximal subfields.

Proposition 4.6.8. Br(R) = Z/27Z.

Proof. The Brauer group is the same as the relative Brauer group of the separable closure,
which in this case is the algebraic closure, C/R. By Theorem m

Br(R) = Br(C/R) = R* /NS (C*)
The image of the norm map C* — R* is R.q, so
Br(R) = NS(C*) 2 R* /Ry = {£1}
O

Remark 4.6.9. In the language of division algebras, the previous computation says that
there is exactly one (up to isomorphism) noncommutative central division algebra over R.
Recall that the Hamilton quaternions may be described as the R-algebra with basis 1,4, 7,7
satisfying i? = j2 = —1 and ij = —ji.

H = <1ul7.] : Z.Q :j2 = _1alj = _jZ>

Since the Hamilton quaternions H are a central division R-algebra (proof omitted), they are
the unique finite dimensional central division algebra over R.

As an exercise, we can also show directly (not using the previous result) that the Hamilton
quaternions are the only nontrivial finite dimensional central division algebra over R.

Proposition 4.6.10. The only nontrivial finite dimensional central division algebra over R
1s the Hamuilton quaternions.

Proof. Let D be a nontrivial finite dimensional central division algebra over R. By Propo-
sition , dimg D = d? is a perfect square, and by Proposition m D has a maximal
subfield P so that P/R is separable, and dimg P = d. Since the only nontrivial extension of
Ris C, P=C=R(i) and d = 2, so dimg D = 4. Now consider the two homomorphisms

f:C—=D 2>z
g:C—D 2z

where Z denotes the complex conjugate. By the Skolem-Noether theorem there exists
J € D* so that
Z=jzj7! VzeC

In particular, jij~' = —i. Note that since j does not commute with i, j does not lie in C.
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We claim j2 € R. Note that since D is central, j (hence j?) commutes with R. Since
j%i77% =4, j* commutes with C. Since 52 is a unit, C(j?2) is a field, but since C is a maximal
subfield of D, C(j?) = C, hence j2 € C. Since j? commutes with j, j5277! = j2. Since
42 € C and conjugation by j is complex conjugation, jj2j ' = j2, hence j2 = 52, so j € R.

Now we claim j2 < 0. Since j € R, its minimal polynomial over R is t> — j2. But if
4% > 0, this would be reducible into (¢ — j)(t + j), which is a contradiction, so we must have

4% < 0. Replacing j by ﬁ, we may assume j2 = —1. We claim that 1,4, j,ij are linearly
J
independent over R. Suppose there are a, b, c,d € R so that

a+bi+cj+dij=0

Then if ¢ + di # 0, we get

(a+bi)+ (c+di)j =0 = j = = jeC

which is impossible since we know 7 € C,;soc=d =0. Thena+bi =0 = a=b=0,
hence 1,17, 7,1j are linearly independent. Thus D is four dimensional R-algebra with basis
1,4, j,1j satisfying relations > = j?> = —1 and ij = —ij, so D = H. O

4.6.4 Finite fields - via field norm

Next we address absolute and relative Brauer groups of finite fields. The arguments are
interesting and illustrate the many tools we have, even though the eventual results are
somewhat uninteresting (all the groups are trivial). We will prove the following:

Proposition 4.6.11. Let K = F, be the unique (up to isomorphism) finite field of order q.
Then Br(K) = 0.

First, we give a proof which uses the description of Br(K) as H*(Gal(K*P/K), (K*P)*),
and properties of the field norm map.

Proof. Let g be a prime power, and let F, be the field with ¢ elements. By Proposition
3.12.6, we just need to show that H? is trivial for the finite Galois subextensions. The finite
Galois extensions of F, are F,» for n > 1, with cyclic Galois groups. Let

Gn = Gal(Fqn/Fq) = Z/nZ
Then we have
Br(F,) = Gal(Ey?/E,), F}) = limy H*(Gal(F,o /F,), F) = lig H*(G,, )

Let N = Ng, be the norm element, and recall that multiplication by the norm element of
GG, is the same as the field norm map

_ NFar . omx X
Ng—NFq .Fqn%Fq
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We know that the Tate cohomology is 2-periodic for finite cyclic groups. Using this and the
fact that the fixed field of G, is exactly IF,, we get

~ IJ ~ Gn . Fyn
H*(G,,Fy) = H(G,, Fy) = (Fy) ™" [NoFy. = Fy /im N

Thus, we have reduced the problem to showing that the norm map is surjective for finite
fields, which is given in a lemma below. O]

Remark 4.6.12. As a quicker proof than the above to accomplish the same reduction, we

know that
Br(F,) = U Br(Fg- /Fy)

n>1

and each extension F,. /F, is cyclic, and by Theorem the relative Brauer group is
~ Fyn
Br(Fqn/Fq) == Fq/ NFq (F;n)

Hence if the norm map for finite fields is surjective, all of the relative Brauer groups vanish,
and hence the absolute Brauer group vanishes.

Lemma 4.6.13. The norm map for finite fields is surjective.
Fyn
A Fr — Fy

Proof. Recall that F) consists of gth roots of unity. Similarly, Fy» consists of (¢" — 1)th
roots of unity. Recall that the Galois group Gal(F,/F,) is generated by the Frobenius
automorphism

¢ Fgn = Fpn x> x?

Let o € F be a primitive (¢" — 1)th root of unity, that is, a generator of F.. The norm is
the product of the Galois conjugates, so

n—1 n—1

. . _ n_

NEZH () =[J o) =] ¢'(a) = [[ o = attatetta = =
ceG 1=0 =0

The last equality comes from the formula for the sum of a finite geometric series. Then

observe that
qn71 q_l n
(aq—1> =a? =1

by definition of a. That is, the image of « under the norm map is a primitive (¢ — 1)th root
of unity, so it is a generator of F,*. Thus the norm map is surjective. m

4.6.5 Finite fields - via division algebras

For a second approach, we use the characterization of Br(K) in terms of division algebras.
We show that any finite dimensional division algebra over a finite field is commutative, so it
is a field (this is a classical result of Wedderburn). Since the elements of Br(K) correspond
to noncommutative central division algebras over K, this will show that Br(K) = 0. First,
we need a purely group-theoretic lemma.
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Lemma 4.6.14 (Finite group not equal to conjugates of proper subgroup). Let G be a finite
group and H C G a proper subgroup. The union of all conjugates of H is not equal to G.

That 1s,
| gHg™

geG

15 a proper subset of G.

Proof. Let Ky = {gHg €: g € G} be the set of conjugate subgroups to H. Then G acts on

Ky by conjugation. The stabilizer of this action is exactly the normalizer of H in G, which
we denote Ng(H). Note that H C Ng(H), thus

[G: No(H)] <G : H]
By the orbit-stabilizer theorem,
K| =[G : Na(H)]

Each conjugate subgroup of H has the same order as H, and also contains the identity, so
the maximum number of non-overlapping elements in each subgroup is |H| — 1, and there
are |Kg| such conjugate subgroups. Thus

| gHg™

geG

< (|H|—1)|KH|+1

Now we do some trivial manipulations to this using facts established above.

(|Hy - 1)\KH\ 1= (|H\ - 1) (G2 Ng(H)] + 1
< (|H|-1)[G: H]+1

= |H|[G:H] - [G: H|+1
— |G| - [G: H]+1

Since H is a proper subgroup, [G : H] > 2, thus, the expression above is at most |G| — 1.
Thus the union of all conjugates of G has size strictly less than G, so it is not the whole
group. O

Proposition 4.6.15 (Every finite division algebra is a field). Let D be a finite dimensional
central division algebra over a finite field. Then D is commutative, hence a field.

Proof. Suppose D is a noncommutative finite central division algebra over a finite field F'.
Let dimg D = n? (Proposition . If n =1 then D = F and we are done, so assume
n > 1. By Proposition there is a maximal intermediate subfield FF C P C D with
dimp P = n. Since F' has a unique (up to isomorphism) extension of degree n, all maximal
subfields of D are isomorphic.

By the Skolem-Noether theorem [£.2.1] any two maximal subfields of D are conjugate.
More precisely, if P, P’ two maximal subfields with embeddings ¢ : P — D,/ : P — D,
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and we fix an isomorphism ¢ : P = P’ (isomorphism as K-algebras), then by the Skolem-
Noether theorem applied to the homomorphisms ¢ and ¢’ o ¢, there exists d € D such that
for all x € P,

Vo p(x) =d(u(x))d!
Since ¢,/ are inclusions, we can write this instead as

o(x) = ded™

That is to say,
P— P z — ded ™t

is an isomorphism, which is what we mean when we say that P, P’ are conjugate in D. Thus
if P is any one maximal subfield, then all other maximal subfields arise as conjugates dPd .
Now, every element of D is contained in some maximal subfield, so we obtain

p*= |J P= |/ ard’

P maximal deDX
subfield

Since D* is a finite group and P* C D™ is a proper subgroup, by our group theory lemma
4.6.14} this is a contradiction, so no such D exists. O

Corollary 4.6.16. Let F' be a finite field. Then Br(F) = 0.

Proof. Nonzero elements of Br(F) correspond to equivalence classes of (noncommutative)
finite dimensional central division algebras, but by Proposition [4.6.15] there are no such
division algebras. O

4.6.6 Finite fields - via (' -fields

Lastly, we give an overly high-powered method to show that the Brauer group of a finite
field is trivial, using the notion of C;-fields. T know very little about this, but chapter 6 of
Gille & Szamuely is a good source.

Definition 4.6.17. A field K is a C)-field if every homogeneous polynomial f € K|z, ..., ;]
of degree d < n has a nontrivial zero in K.

Lemma 4.6.18. Let K be a Cy-field, and L/K a finite extension. Then L is a Cy-field.
Proof. Gille and Szamuely 6.2.4 [4]. O
Proposition 4.6.19. Let K be a C-field, and L/K a finite extension. Then Br(L) = 0.
Proof. Gille and Szamuely 6.2.3 [4]. O
Theorem 4.6.20 (Chevalley-Warning). Finite fields are C,-fields.

Proof. Gille and Szamuely 6.2.6 [4]. O

Of course, an immediate corolary of all of this is that the Brauer group of a finite field is
trivial.
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4.6.7 Relative Brauer group of maximal unramified extension of a
local field

The next section requires some background on local fields and their unramified extensions.
By “local field,” I mean complete nonarchimedean discretely valued field, such as Q,. For
the reader who hasn’t seen this material, see Chapter [] for an introduction, or chapter 7 of
Milne [8], which is where I learned this from.

The main result is that there is a Galois-type correspondence between finite unramified
extensions of a local field K and finite extensions of the residue field k, see Proposition [6.4.1]
In particular, since local fields (as we use the term) have a finite residue field, there is a
unique unramified extension K, /K of degree n. As long as you're familiar with that result,
you probably have enough knowledge of local fields for this section.

Assuming the prerequisites are out of the way, our next goal is to use Theorem [4.6.6]
and Lemma to compute the relative Brauer group of finite unramified extensions, and
then put these together to compute the relative Brauer group of the maximal unramified
extension.

Definition 4.6.21. We use the notation 1Z/Z = (1Z) /Z to mean Z/nZ generated addi-

tivelyby%.
1 1 2 -1
—Z/Z:{—,—7--~ n ’221:()}

n n'n " n ‘n

Definition 4.6.22. Let K be a local field with discrete valuation v : K* — Z. Define
UK*" ={a € K*:v(a)=0modn}

Note that there is an isomorphism

7/ e Y (4.6.1)

n

URK*" =

S|

Proposition 4.6.23 (Relative Brauer group of maximal unramified extension). Let K be a
complete nonarchimedean local field.

1. Let K,,/K be the unique unramified extension of degree n. There is an isomorphism

Un : Br(K,/K) = =ZJ)Z (K, ¢,a)] — @ mod Z

S|

2. Let K™ /K be the mazimal unramified extension. The isomorphisms of (1) give an
wsomorphism of directed systems, inducing an isomorphism

Br(K"™/K) = | | Br(K,/K) = Q/Z

n>1

Proof. As discussed in Example for each n > 1, K has a unique unramified extension
K,/K with Gal(K,/K) = Z/nZ, generated by the Frobenius isomorphsim ¢. Then by
Theorem we have an isomorphism

o

Vi, it Br(Kn/K) = KX Nt (K) - [(Ka, ¢, 0)] = o Ngm (K)

n
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By Proposition 3c of Chapter V, Section 2 of Serre [14],
K*/NE~(KX) =2 UK*"
so composing this with the isomorphism of [4.6.T we get an isomorphism
U : Br(K,/K) = %Z/Z (K, ¢, )] = @ mod Z
From remark [4.5.8] we know that

Br(K"™/K) = lin Br(K,/K)

n>1

so next we need to understand the maps of this directed system. The ordering is by divis-
ibility, that is, m|n <= K,, C K,, in which case the Frobenius automorphism ¢ of K,
restricts to the Frobenius automorphism ¢|x,, on K,,. So for m|n we have an embedding
Br(K,,/K) — Br(K,/K), which by Lemma can be described as

J i Br(Ku/K) = Br(K,/K) (K, ¢lx, )] = [(Kn, 6, 0"™)]

Thus the following diagram commutes.

Br(K,/K) —— Br(K,/K)

o[sn oo

17)7 —— 17/7

(2
—

-

3
3|

i o wm[(Kma ¢‘Km’ Oé)] =

v(a)
v(@™)  Zy(a)  v(a)

Un © J[(Komy Blic,n, @™ = [ (Ko, 6, @™™)] = = —

n n m

That is to say, the maps v, give an isomorphism of directed systems, so Br(K"/K) is
isomorphic to the direct limit of %Z/Z with respect to inclusion maps, which is Q/Z. O]

4.6.8 (Nonarchimedean, complete) local field

As before, let K be a local field. The next goal is to extend our result about Br(K"™/K) to
a result about Br(K) = Br(K®*?/K). The final result will be that Br(K""/K) = Br(K), so
Br(K) = Q/Z, by work from the previous section.

We will do this by studying central division algebras D over K and extending the valua-
tion and an analog of the norm map (called the reduced norm map) to D. We can then talk
about ramification degrees and residual degrees for such division algebras, which give us the
tools to prove our result.
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Definition 4.6.24. Let D be a central division algebra over a field K. A valuation on D
is a map w : D* — R satisfying
w(ab) = w(a) + w(b)
w(a+ b) > min (w(a),w(b)) fora#—b

(This coincides with the usual definition of a valuation on a ring, just viewing D as a ring.)
As in the general setting of rings, a valuation is discrete if the image is a discrete subgroup

of (R, +)J]

Remark 4.6.25. Let K be a nonarchimedean complete local field, and L/K a finite exten-

sion with n = [L : K]. Recall that by Proposition [6.1.16] the absolute value on K extends
uniquely to L via
[2le = INE (@)l we L

In terms of valuations, if v : K — R is the valuation corresponding to |- |x and v : L* — R
is the valuation corresponding to | - |z, the previous equality translates to

u(z) = %v (Nx () reL”

Definition 4.6.26. Let K be a field, and D a division algebra over K, with dimgx D = n?
(Proposition [1.1.13)). By Proposition D contains a maximal subfield P with dimyg P =
n, and D @ P = M, (P) by Theorem [£.4.3] Fix an isomorphism ¢p : D @k P — M, (P).
The reduced norm map is

Nrd% : D* — K* Nrdy (a) = det (¢p(a ® 1))
Proposition 4.6.27. Let K be a field, and D a division algebra over K. Then
1. Nrdg 15 independent of the choice of P and of ¢p.
2. Nrdg : D* — K* is a group homomorphism.

3. The reduced norm extends the norm map in the following sense: For any mazimal
subfield L C D, and for a € L™,

Nrdf(a) = Nj(a)

Proof. Proposition 8 of Rapinchuk [12], which refers to Chapter 16 of Pierce [I1] for proofs.
L]

Definition 4.6.28. Let K be a nonarchimedean complete local field with discrete valuation
v: K* — R, and D a (finite dimensional) division algebra over K of dimension dimy D = n?.
The extended valuation on D is defined by

w:D* =R  w(a)= %v (NrdZ(a))

"Recall that any discrete subgroup of (R, +) is infinite cyclic, aka isomorphic to Z.
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Proposition 4.6.29. Let D, K, w,v,n be as above. Let ', = imw, ', = imv.
1. The extended valuation w is a discrete valuation, which extends v.
2. nl'y Cl,.

Proof. (1) We verify that w extends v. Let L C D be a maximal subfield. If a« € K, using
Proposition [4.6.27] then the fact that N% (a) = a” for a € K, we get

w(a) = %v (NrdR(a)) = %v (Nx(a)) = v (a") = v(a)

Thus w extends v. The fact that w is a homomorphism follows immediately from the fact
that v and Nrd% are homomorphisms. All that remains is to verify the inequality

w(a+b) > min (w(a), w(b))
for a # —b. Let a,b € D with a # —b, then
w(a +b) = w(a(l + a’lb)> =w(a) +w(l+a 'b)

Let L C D be a maximal subfield containing a~'b, with extended valuation (z) = Lv(Nf(z)).

For x € L*, by Proposition |4.6.27

w(z) = %v (Nrd(z)) = %v (Nk(z)) =0(x)

Applying this to 1,a7'b, 1+ a~'b € L*, we get
w(l+a™'b) =0(1+a 'b) > min (9(1),v(a""'b)) = min (w(1),w(a"'b)) = min (w(1), w(b) — w(a))
Thus
w(a+b) =w(a) +w(l+a 'b) > w(a) + min (w(1), w(b) — w(a))
> min (w(1) + w(a),w(b)) > min (w(a), w(b))
(2) This is an immediate consequence of (1), since
nw(a) = v (Nrdg(a))
Note that (2) also resolves the question of whether w is discrete. ]

Definition 4.6.30. Let D, K,w,v,n,I',,I', be as above. The ramification index of D
over K is
e(DIK) =Ty : 1]

A uniformizer for D is an element II € D* such that w(II) is the positive generator for
I'y. The valuation ring O, of D is the subring

Oy = {a € D" :w(a) >0} U{0}
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with unit group [
Of ={a€ D" :wl(a) =0}

The valuation ideal B, of D is the two sided prinicipal ideal of O, generated by II (for
any choice of uniformizer).

By =10, = Ol = {a € D* : w(a) > 0} U{0}

The residue algebra of D is D = O, /.. Note that D is a division ring, because every
nonzero element =13, is represented by a unit x € Q. It is an algebra over the residue field
k= O,/p,. For a € O,, the image of a in D is denoted @. The residual degree of D over
K is

f(D|K) = dimy, D
Lemma 4.6.31. Let D, K,v,w be as above; in particular, dimg D is finite.

1. Ifay,...,a, € O, are such thatay,...,a, € D = O, /B, are linearly independent over
k= O,/py, then ay, ..., a, are linearly independent over K.

2. The residual degree f(D|K) is finite.

Proof. (1) Let ay,...,a, € O, be as in the statement of the proposition. Suppose a4, ..., a,
are not linearly independent, so that there are A\{,..., A\, € K not all zero so that

Z )\iai =0
i=1
Set
J={j: N #0}#0
so that

> Na; =0 (4.6.2)

jeJ
with all nonzero terms. For j € J, we can choose a unit u; € O, so that
/\j = WU(Aj)Uj

Then set
n =max{—v(\;):j € J}

so that for all 7 € J, we have
n > —’U()\j) =4 n+v()\3) >0 = TI'n)\j = 7r"+“()‘j)uj € Ov
since v(7"T*Mu;) = n 4+ v();) > 0. Let jo € J such that n = —v()\;,). Then

7Tn)‘i0 = 7T_U()\j())—&_v()\jo)ujo = uj, € Ov \ Po

SWe justify that this set is the group of units. If w(a) = 0, then 0 = w(1) = w(aa™t) = w(a) + w(a™?t) =
w(a™!) so ™1 is also in O, so a € OX.. Conversely, if a € O is a unit, then a~! € O,,. By the previous
equalities, w(a) = —w(a™?), and since a,a™! € O, w(a),w(a™t) > 0, which is only possible if both zero.
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since v(u;,) = 0. Now multiply the linear relation by 7™, to obtain
Z W”Ajaj =0
jed
As we noted, 7"\; € O,, so we obtain a linear relation in D.
Y mNa=0 N ek ageD
jed
By linear independence of @y, ..., @, over k, it follows from this relation that 7"\; = 0 € k,
that is, 7"\; € p, for all j € J. But this is a contradiction, since we know that 7" A;, is not
in p,. (2) follows immediately from (1), since (1) implies dimy D < dimg D, and dimg D is
finite by assumption. O

Proposition 4.6.32. Let K be a complete nonarchimedean local field and D a finite dimen-
stonal central division algebra over K. Then

e(DIK) = f(D|K) = n
and D contains an unramified extension of K of degree n.
Proof. Proposition 10 of Rapinchuk [12]. O

Now we obtain the main result of this section, which identifies Br(K) with the relative Brauer
group of the maximal unramified extension, which we already know about.

Corollary 4.6.33. Let K be a complete nonarchimedean local field, with K, the unique
unramified extension of degree n, and K" the mazimal unramified extension. Then

Br(K) = | JBr(K,/K) = Br(K"/K)

Proof. Elements of Br(K) correspond to isomorphism classes of division algebras D over K.
By Proposition 4.6.32 if D is such a division algebra with dimg D = n?, then D contains
K, and by Theorem D € Br(K,,/K). Hence

Br(K) C | JBr(K./K)

and the opposite inclusion is by definition, so they are equal. The second equality comes

from Proposition [4.6.23 ]

The next theorem mostly just reiterates the previous corollary. It also answers the following
question: if K is a local field and L/K is a finite extension, we know L is also a local field,
so now we know L, K have the same Brauer group, namely Q/Z. So what exactly is the
map Br(K) — Br(L) in terms of the isomorphism with Q/Z?

It turns out to be just multiplication by the degree [L : K]. This is somewhat surprising
- the map Br(K) — Br(L), at least in terms of the isomorphism with Q/Z, does not depend
on any features of L except [L : K]. For instance, it does not depend on whether L/K is
ramified or unramified, so not that much information about L is captured in the relative
Brauer group Br(L/K).
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Theorem 4.6.34. Let K be a complete nonarchimedean local field with discrete valuation v.
1. There is an isomorphism ik : Br(K) 5 Q/Z.

2. If L/K is an extension of degree n, and € : Br(K) — Br(L) is the usual extension map
[A] = [A®k L], then the following diagram commutes.

Br(K) —% Q/Z

I "

Br(L) —*— Q/Z
Proof. (1) In Proposition [4.6.23] we constructed an isomorphism of directed systems
~ 1
s B/ K) 22207 ()] = 2 moa 2
n n

where ¢, is the Frobenius automorphism of K,, and o € K* is arbitrary. This induces an
isomorphism on the direct limits,

i Br(K"™/K) = Br(K) = Q/Z  [(Kn, ¢p,q)] @ mod Z

(2) By Proposition we can decompose L/K into an unramified and totally ramified
extension.

L

totally ramified

M

unramified

K

If (2) holds for the extensions M/K and L/M, then combining the two commutative squares
gives a commutative square for L/K, so it suffices to prove (2) in the two separate cases
of totally ramified extensions, and unramified extensions. For details, see Theorem 10 of
Rapinchuk [12]. O

Example 4.6.35. Let p be a prime. By the previous result, Br(Q,) = Q/Z.

As previously discussed, the relative Brauer group Br(L/K) (when L, K are local) does n’t
capture very much information about L. The next corollary makes this a bit more precise.
As we already noted, the map Br(K) — Br(L) only “sees” the degree [L : K], so it makes
sense that the kernel Br(L/K) would also “see” [L : K|, which is what the corollary says.

Corollary 4.6.36. Let K be a complete nonarchimedean local field, and let K,, be the unique
unramified extension of degree n. If L/K is an extension of degree n, then Br(L/K) =
Br(K,/K). That is, any two relative Brauer groups Br(L/K),Br(E/K) are isomorphic as
long as [L: K| =[E : K].
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Proof. By the commutative diagram of Theorem [4.6.34] the we have the following commu-
tative diagram with exact rows.

0 —— Q/Z[n] =kern = 17Z/7 —— Q/Z —*— Q/Z

! Fook

0 —— Br(L/K) =kere —— Br(K) —— Br(L)
By Proposition [4.6.23]
1
Br(K,/K) = —-7Z/Z = Br(L/K)
n
0

Corollary 4.6.37. Let K be a complete nonarchimedean local field and let L/ K be a Galois
extension of degree n. Then

H*(Gal(L/K),L*) = Z/nZ
Proof. By Proposition [£.5.6]
H*(Gal(L/K),L*) = Br(L/K)
By Corollary 77,
Br(L/K) = Br(K,/K) = %Z/Z ~ 7./n7.
O

Remark 4.6.38. The main application of Corollary is to verify the one of the hy-
potheses of Tate’s theorem in the follow situation, which is important in local class
field theory.

Let K be a complete nonarchimedean discretely valued local field (such as @), and let
L/K be a finite extension. Let G = Gal(L/K) and A = L*, so A is a G-module. By Galois
theory, all subgroups H C G are of the form Gal(L/E) where K C E C L is an intermediate
subfield. By Hilbert 90,

HY(H,A) = H (Gal(L/E), L") = 0
and by Corollary 4.6.37,
H*(H, A) = H*(Gal(L/E), L) = Z/mZ

where m = [L : E] = |H|. Thus, all the hypotheses of Tate’s theorem [3.7.10| are satisfied in
this situation.
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4.6.9 Quadratic number field

Let d be a square free integer, and consider the quadratic number field Q(\/E), which is a
degree two extension of Q. In this section, we say what we can about the relative Brauer
group Br(Q(v/d)/Q). Though we do not compute it fully, we at least reduce the problem to
a purely number theoretic equation solving problem.

The first basic obsevation is that Gal(Q(v/d)/Q) is order 2 (so it is Z/27), and we know
that

Br(Q(vVd)/Q) = H*(Gal(Q(Vd)/Q), Q(Vd)*)

The cohomology group on the right is 2-torsion, because the Galois group is order 2. So
Br(Q(v/d)/Q) is some 2-torsion group, or equivalently a vector space over Z/27Z, or equiva-
lently some big direct sum or product of copies of Z/27Z. So to determine the structure, we
just need to figure out how many copies of Z/2Z there are. We might also be interested in
how to describe those algebras, but that’s a secondary goal.

Now to describe the generators of copies of Z /27 for this group. Since Gal(Q(+/d)/Q) is
cyclic, we can use our characterization in terms of the norm map.

Br (Q(VA)/Q) = H*(Z/22,Q(Vd)*) = @/ N(@(Vd)"

The norm map is
N(a +bVd) = a® — b*d
Note that
Q={-1,23,. .. (-1 =1 =z/22(-1}s P Z{p)
p prime
It is clear that any prime square p* is in the image of the norm (just take a = p,b = 0), so
the quotient is contained in
B zpz

—1,p prime

That is Br(@(\/a)(@) is a large direct sum of copies of Z /27, with one copy for each generator
(either —1 or a prime p) that is not in the image of the norm map N : Q(v/d)* — Q*. So we
have reduced the problem to deciding which primes (and —1) can be written as p = a® — b*d
for a,b € Q. Of course, if a, b are solutions to this, then a,b € Z.

Example 4.6.39. Let d = —1. For a,b € Z, a®> + b*> # —1, so —1 gives a copy of Z/Z in
Br(Q(i)/Q). By a well known result of Lagrange, a prime is a sum of two squares if and
only if p=1mod 4 or p=2. So

Br(Q(i)/Q) 2 Z/2Z(-1) ® Z/2Z2) & P Z/2Z{p)
p=1 mod 4
Remark 4.6.40. The cases d = —2,d = —3 were conjectured by Fermat and proved by
Lagrange. A prime can be written as p = a® 4 2b% if and only if p = 1 or p = 3 mod 8.
A prime can be written as p = a® + 3b? if and only if p = 1 mod 3. The case d = —5 was

also resolved by Lagrange, a prime can be written as p = a® + 5b% if and only if p = 1 or
p =9 mod 20.

A general study of such equations is found in the book Primes of the Form x®4+ny?: Fermat,
Class Field Theory, and Complex Multiplication by David Cox [2].
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Chapter 5

Classical algebraic K-theory

These notes on algebraic K-theory do not have very many ties to the group cohomology and
Brauer group sections above. They are also closer to the sources in terms of material, so
this chapter is probably less useful for someone trying to learn algebraic K-theory than just
reading Milnor’s book [10] or Rosenberg’s book [13].

For those who are still here are that rousing endorsement, algebraic K-theory is the study
of and attempt to usefully define an infinite sequence of invariants Ko(R), K (R), K2(R), ...
associated to a ring R, and K;(R) is an abelian group. The association R — K;(R) is a
functor, as all good invariants are.

In order, we define Ky, K;, Ko and derive some properties of them where we can. On the
face of it, these three invariants do not seem to “hang together,” that is, there is not much
connecting them. Ideally, there would be something like the following: given a ring R and
an ideal I, we have a short exact sequence 0 — I — R — R/I — 0, and maybe there is a
long exact sequence

Unfortunately, this has many obstacles. First, we said that K;(—) will be defined for a ring
R, and an ideal I is not a ring, so we would need to generalize to K; of ideals. Second, once
we define Koy, Ky, Ks, it is not at all clear how to generalize the definition higher K-groups,
even Ks.

It turns out that there is a way to overcome much of this - there are K-groups for ideals,
and there is even an exact sequence involving Ko, K, Ky (see Theorem . Despite this,
the obstacle of defining K3 proves to be too much, as we note in Remark there is a
theorem of Swan which shows that there is no possible definition of a functor K3 which will
extend the exact sequence further.

Given this impossibility, why study algebraic K-theory at all? A better answer for this
question would be to look at Rosenberg’s book [I3] on applications of K-theory to various
other areas of mathematics. We won’t worry so much about the applications, just building
up some of the theory.
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5.1 Definition of Ky(R) via projective modules

Given a ring R, a lot of the structure of R is captured by looking at the category of R-
modules. (We assume rings have a unit and are associative, but do not always assume they
are commutative.) The invariant Ko(R) drills down even a bit further - we consider only
finitely generated R-modules, to avoid dealing with things that are “too big,” and we restrict
attention to projective modules, since they have so many excellent properties.

5.1.1 Grothendieck group completion

Let R be a ring, and consider the category of finitely generated projective modules. This
category has a convenient binary operation given by direct sum, which has an identity
(the trivial R-module). We might as well consider just isomorphism classes, too. So the
isomorphism classes of finitely generated projective R-modules form a monoid, a set with a
binary operation and identity.

As invariants go, monoids aren’t ideal, since we don’t have a lot of theory of monoids. Tt
would be better if we had a group. Well, it turns out there’s a way to just force a monoid
to turn into a group. Roughly speaking, you can just throw in inverse elements and force
group-ness on unsuspecting monoids. They never even see it coming.

Proposition 5.1.1 (Grothendieck group completion). Let S be a monoid. There is a unique
group G and monoid homomorphism 0 : S — G with the following universal property: any
monoid homomorphism ¢ : S — H to a group H factors uniquely through G. That is, there
s @ unique group homomorphism ¥ : G — H making the following diagram commute.

s, q

Ly
x;

H

Proof. This is not a thorough proof, merely a sketch. We write S multiplicatively with
identity element 1. G is constructed in the way you would expect. Consider the set

SI_I{S’l:SES}

formed by adding formal inverses to S, and define ss~' = s7!s = 1. Then quotient out all

relations that already exist in S, verify that the resulting monoid is in fact a group, and set
G=Su{s':seS}/~

The map 6 : S — G is the obvious one, by sending s € S to the class of s in G. The univeral
property comes out of this construction without too much difficulty. O

Definition 5.1.2. Let S be a monoid. The group G from the previous proposition is the
Grothendieck group completion of S.

Remark 5.1.3. While it seems plausible to guess that the special morphism S — G involved
in the group completion is always an injective function, this is not the case. A counterexample
is given in Proposition [5.1.6]
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The next lemma gives a somewhat obvious but convenient criterion for describing group
completions more concretely.

Lemma 5.1.4. Let S be a monoid, and suppose there is a monoid homomorphism 0 : S — G
where G is a group, and the image of S generates G. Then G is the Grothendieck group
completion of S, and 0 is the canonical homomorphism.

Proof. We show that G has the universal property. If ¢ : S — H is a monoid homomorphism
to a group H, there is a group homomorphism G — H defined on generators 6(s) of G by

Clearly, this is also the only homomorphism possibly making the required triangle commute.
O

Next we give an example of when the canonical map from a monoid S to its group completion
GG is not an injective function. If the reader is not interested, the example can be safely
skipped. In that case, jump to the next section.

Definition 5.1.5. Let S be the set of points a,, ,, with n € Z>, and
m=0ifn=0,1

meZifn=2
m € {0,1} ifn >3

Graphically, we can depict S as the following set of points in the integer lattice. The
horizontal axis is the n variable, and the vertical axis is the m variable.

We give S an addition operation by

Qp,m + Qp' m! = An4n! m+m/

where m +m’ is reduced mod 2 if n+n’ > 3. This makes S an abelian monoid with identity
CLO’().
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Proposition 5.1.6 (Rosenberg [13| Exercise 1.1.7). Let S be the set defined above. The
Grothendieck group completion of S is G = 7 x Z/2Z, and the canonical homomorphism
S — G 1s not injective.

Proof. Let N =7 x 27 C Z x Z be the sublattice as depicted below.

S A S AR S (D N S

IR (R N G A O G

Then define 6 : S — (Z X Z)/N = Z x Z/27Z by apm — (n,m mod 2). This is a monoid
homomorphism, since

O(nm + an ) = (Anins mimy) = (n+n';m +m' mod 2) = (n,m mod 2) + (n',m’ mod 2) = 0(anm) + 6(
Also, the image of S under 6 includes (1,0) and (0,1), as seen below.
9(@170) = (1,0) 6(&13) — 9(@272) = (2,3) — (2,2) = (0, 1)

Thus 6(S) generates (Z x Z)/N, so by Lemma [5.1.4] Z x Z/27 is the Grothendieck group of
S and 6 is the canonical homomorphism. Finally, it is clear that 6 is not injective, because
9(&2’0) = 9(@2’2). ]

5.1.2 Definition of K,

We started our discussion of group completions by discussion the monoid of isomorphism
classes of finitely generated projective R-modules under @, so it’s no surprise that we’re
going to form the group completion of that particular monoid.

Definition 5.1.7. Let R be a commutative ring with unity. The isomorphism classes of
finitely generated projective modules over R form a monoid with respect to direct sum.
Ko(R) is defined to be the Grothendieck group completion of this monoid.

Concretely, this means that elements of Ko(R) are isomorphism classes [P] of projec-
tive R-modules, along with their formal inverses —[P], and addition in Ky(R) is given on
projective modules by

[Pl+1Q] =[P od]

Equivalently, we can describe Ko(R) as the free abelian group generated by isomorphism
classes [P] of projective R-modules, modulo the above relation.

Now we have half of a functor (the part on objects, R — Ky(R)), so we need to describe
how the functor Ky acts on ring homomorphisms.
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Definition 5.1.8. Let f: R — R’ be a ring homomorphism. The induced map on K is
fo : Ko(R) = Ko(R)  [P] = [R' ®g P

This tensor product makes sense becuase R’ has an R-module structure via f. If P is finitely
generated and projective (over R), then R’ ®p P is finitely generated and projective (over
R'), so this is a well defined map. Since the tensor product distributes over direct sums, this
is a homomorphism of abelian groups. It is clear that f4 is functorial as well, that is,

(Idr)g =Idgyry  (fog)s = feogs

This makes Kg a covariant functor from the category of commutative rings with unity to the
category of abelian groups.

Remark 5.1.9. Let R be a commutative ring. Ko(R) is already an abelian group under .
We can also give it a multiplication operation via ® (tensor over R).

[PloQ]=[Ped]

There is some mild checking to verify this is well defined: one verifies that the tensor product
of finitely generated modules is finitely generated, and that the tensor product of projective
modules is projective. The multiplicative unit is then [R], since

[Pl® [R] = [P ® R] = [P]

We don’t usually think much about the ring structure on Kgy(R), mostly because other K-
groups do not have such obvious ring structures, so it’s more holistic to consider them all as
abelian groups.

5.1.3 Necessity of finite generation

It might be tempting to throw away the “finitely generated” part of defining Kq(R), but the
following proposition shows that this leads to the whole theory being somewhat trivial. That
is to say, without the finite generation hypothesis, Ky would be less interesting.

Proposition 5.1.10 (Eilenberg Swindle). Let R be a ring, and let S be the set of isomor-
phism classes of countably generated projective R-modules, with addition given by [P]+[Q] =
[P & Q|. Let G be the group completion of S. Then G is trivial.

Proof. It suffices to show that for any countably generated projective R-module P, the class
[P] is zero in G. Let P be a countably generated projective R-module. We denote the
countably generated free R-module by R*°. Then there is an R-module () such that

P®Q=R™
Then

PPR°YPOPR®R®---
~“Pa(QoP)o(QaP)®---
Y PeQ)®(PaQ)P---
>~ R
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which induces the equality
[P]+[R*] = [R*] — [P]=0

in G. O

5.1.4 K, of a PID

We give just a few examples of computation of Ky, and “computation” is a strong word for
it.

Example 5.1.11. Let R be a PID (this includes fields). Then every projective module
over R is free, hence the isomorphism classes of projective R-modules are determined by
dimension. Dimension is additive with respect to direct sum, so we obtain an isomorphism

dim: Ko(R) > Z  [P] = [R"] =n[R] — dim P = n

Example 5.1.12. Let R be a Dedekind domain (such as a ring of integers of a number
field). Then
Ko(R)ZCHR)DZ

where CI(R) denotes the class group. We do not dedicate the space to prove it, but it can
be found in chapter one of Milnor [10].

5.2 Definition of K;(R) via infinite general linear group

Rather than dwell on Ky for any longer, we move right along to defining K;. Somewhat
strangely, there is little overlap in setup - K; does not involve a group completion, or projec-
tive modules. Instead, the starting point is the group of invertible matrices over R, GL(n, R).

Definition 5.2.1. Let R be a ring. The infinite general linear group GL(R) is the direct
limit of the chain of inclusions

GL(1,R) c GL(2,R) C GL(3,R) C - -~

where GL(n, R) embeds into GL(n + 1, R) by adding an extra column and row of zeroes,
except for a 1 in the bottom right corner.

A0
A ( 0 1)
Thus GL(R) is the direct limit of all GL(n, R) where A € GL(n, R) is identified with its
images under the infinite chain of embeddings. (The direct limit is just the disjoint union,
modulo the obvious identifications.) It is reasonable, though not entirely accurate, to think

of GL(R) as “infinite matrices” which differ from the “infinite identity matrix” in only finitely
many entries.
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Definition 5.2.2. An element of GL(R) is an elementary matrix if it differs from the
identity in exactly one off-diagonal entry. We denote the matrix with r in the ijth off
diagonal entry by ej;. The subgroup generated by all elementary matrices is E(R).

Remark 5.2.3. The following relations are not immediately obvious, but also not interesting
to prove. Let i, 7, k, £ be positive integers and r, s € R.

r s __ _r+s
(& —eij

1J 1]
1 kil
e = el j=ki#l
e jAki=1(

J

Lemma 5.2.4 (Whitehead lemma). E(R) is equal to the commutator subgroup of GL(R).

Proof. Tt is easy to show E(R) C [GL(R),GL(R)] by exhibiting each elementary matrix
as a commutator of two matrices, which is immediate from the previous relations. The
reverse inclusion is not quite as easy. Very roughly speaking, the proof is just Gaussian
elimination. O

Definition 5.2.5. The Whitehead group K;(R) is the quotient
GL(R)/E(R) = GL(R)/[GL(R), GL(R)] = GL(R)™

In other words, K;(R) is the cokernel of the inclusion E(R) — GL(R).

A ring homomorphism f : R — R’ induces homomorphisms GL(n, R) — GL(n, R’) for
all n, and passing to the direct limit give a morphism GL(R) — GL(R’). Passing to the
abelianization, we obtain an induced map f. : K{(R) — K;(R') making K; a covariant
functor.

5.2.1 K; of a Euclidean domain

To give some example computations of K; for Euclidean and Dedekind domains, we first
need a lemma.

Lemma 5.2.6 (E = SL for Euclidean domain). Let R be a Euclidean domain. Then
E(n,R) = SL(n,R), and hence E(R) = SL(R). If R is a Dedekind domain, then it is
not necessarily true the E(n, R) = SL(n, R), but E(R) = SL(R) does hold.

Proof. The proof for a Euclidean domain is, very roughly speaking, just the process of doing
Gaussian elimination [[] I have no idea why this is true for a Dedekind domain. O

Example 5.2.7. Let R be a Euclidean domain (this includes fields). By the previous lemma,
E(R) = SL(R), so
K;(R) = GL(R)/SL(R)

1“The special linear group over a field or a Euclidean domain is generated by transvections, and the stable
special linear group over a Dedekind domain is generated by transvections.” https://en.wikipedia.org/
wiki/Special_linear_group
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Considering the exact sequence

0 — SL(R) —— GL(R) —%% R* > 0
by the 1st isomorphism theorem,

K, (R) = GL(R)/SL(R) & R*

5.3 The functor K,

While the connection between Ky and K; remains mysterious at this point, the connection
between K; and K, is more immediately obvious. Recall that K; was the cokernel of E(R) —
GL(R). We will identify another group St(R) (the Steinberg group) which maps to GL(R)
with image E(R), so we can realize K;(R) also as the cokernel of St(R) — GL(R).

St(R) — GL(R) — Ky(R) —» 0

Thinking categorically, one thing to consider next is the kernel of St(R) — GL(R). This
is exactly our definition of Ky(R). First, though, we need to put in some work to properly
define the Steinberg group St(R).

5.3.1 Definition of K, via the Steinberg group

Recall the various commutator relations that we wrote down for elementary matrices.

r_s __ _r+s

1 kil
[eé},eie}z ei;  J=kiFL
S

J

It is not so easy to tell whether these are all the relations in E(R), or if there are more. In
particular, other relations may depend on the structure of the ring R. To avoid dealing with
this to some degree, and also to make an attempt to answer the question of when these are
sufficient relations, we abstract the relations into another group which we define to have just
“these relations.” That group is what we call the Steinberg group.

Definition 5.3.1. Let R be a ring and let n > 3. The Steinberg group St(n, R) is the
group generated by symbols z7; for 1 < 4,5 < n,i # j,r € R subject to the following
relations.

T .5 r4+s
Ta = T
' S rs N
[xijxjg] =z, 1 £

2 ap) =1 j#kiAL
The stable Steinberg group or just Steinberg group, denoted St(R) is the direct limit
of all St(n, R) via the obvious inclusions St(n, R) < St(n + 1, R).
Alternately, it is reasonable to think of St(R) as the group generated by z7; for all
1,J € Z> and r € R, subject to the above relations.
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Definition 5.3.2. The canonical homomorphism from the Steinberg group to the general
linear group is

¢ : St(n, R) — GL(n, R) ey
Clearly the image is E(n, R). This is a homomorphism precislely because we only imposed
relations on the z7; which we already know to be true for e;;. Passing to the direct limit, we
obtain a homomorphism

¢ St(R) — GL(R)

with image E(R).

Definition 5.3.3. The kernel of the canonical homomorphism St(R) — GL(R) defined
above is denoted Ky(R). Note that a homomorphism of rings f : R — R’ induces a homo-
morphism on St(R) via

)

)

hence induces a homomorphism on Ky(R), making Ky a covariant functor. Also note that it
fits into an exact sequence

1 = Ko(R) — St(R) — GL(R) — Ky (R) — 1

,
T

Remark 5.3.4. In contrast with Ky, K;, we cannot at this point give any examples of
computations for Ky. Recall that for Ky, K; we really only tackled very special cases in our
examples, where R was a Kuclidean domain or Dedekind domain. These include the case of
fields, at least. In the case of Ky, even the case when R is a field is not a reasonable example
computation - it is a major theorem of Matsumoto, which we get to in a few sections.

5.4 Exact sequence involving K-groups

In this section, we give our only real link between the groups Ky and K, Ky via some exact
sequences. However, the presentation is incredibly hand-wavy, so for any level of detail other
sources should be consulted.

Remark 5.4.1. For a ring R, and an ideal I, there are sensible definitions of Ko I, Ky I, K¢ 1.
See Milnor [10] chapters 4 and 6.

Theorem 5.4.2. Let R be a ring (not necessarily commutative) and I a two-sided ideal.
There is an exact sequence

K21—>K2R—>K2R/I—>K1]—>K1R—>K1R/I—>K0]—>KOR—>KOR/I
Proof. See chapters 3,4,6 of Milnor [10]. ]

Theorem 5.4.3 (“Mayer-Vietoris” sequence). Suppose we have a commutative square of
rings (not necessarily commutative)

R " R

L

Ry — 25 R

satisfying
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1. R is the product of Ry, Ry over R'. That is, for ry € Ry,ry € Ry, with j1(r1) = ja(r2) €
R', there exists a unique r € R such that i,(r) = ry,i2(r) = ro.

2. At least one of ji, ja is surjective.
Then there 1s an exact sequence,
KiR—-KiR®K R KR —-KR—>KyR ®KyRy > Ko R
If the original commutative square also satisfies
3. All maps i1, 12, j1, jo are surjective.

The the exact sequence can be extended to the left as follows.
KQR%KQRl@KQRQ —>K2RI—>K1R—>
Proof. See chapters 3,4,6 of Milnor [10]. ]

Remark 5.4.4. Unfortunately, there is a result of Swan that there is no functor K3 which
will extend the previous two exact sequences further to the left. This may be taken as a sign
that the definitions of K-groups for ideals given by Milnor "may not be too useful," to quote
Milnor himself (Milnor [I0] Remark 6.5).

5.5 Universal central extensions of groups

In an attempt to compute some K, groups, even for just a field, we begin with some theory
of universal central extensions of groups. The eventual purpose of this is to identify Ky(R)
with the group homology group Hs(E(R),Z), which is hopefully more computable, given our
various tools for group homology.

We use Z(G) or center(G) to denote the center of a group G. Our study of central
extensions is motivated by the following result.

Theorem 5.5.1 (Milnor [10] 5.1). Ko(R) = center(St(R)).

Because of this, we have a short exact sequence of groups
1 = Ky(R) = St(R) — E(R) — 1

where (the image of) Ko(R) lies in the kernel of St(R) — E(R). We will study sequences of
this type in more abstract generality, before returning to Ko(R) and St(R). Eventually, we
will see that St(R) is not merely one example of such a situation, it is a very special type,
called a universal central extension.

160



5.5.1 Definitions

Now we embark on a full study of central extensions, develop various criteria for when an
extension is universal, and when a universal extension exists.

Definition 5.5.2. A central extension of a group G is a group X along with a surjective
homomorphism ¢ : X — G such that ker ¢ C center(X). It is often denoted by (X, ¢).

Definition 5.5.3. Let (X, ¢) and (Y,v) be central extensions of G. A homomorphism
X — Y over G is a homomorphism making the following triangle commute.

X s Y
DN
G

Thinking categorically, we could observe that central extensions of G form a category, with
the morphisms being group homomorphisms over G. Then we could define a universal
central extension as an initial object in this category. Alternatively, we give a more
concrete definition below.

Definition 5.5.4. A universal central extension of a group G is a central extension
(U,v) such that for any central extension (X, ¢), there is a unique homomorphism U — X
over (.

As a consequence of the universal property, if such (U,v) exists, it is unique up to isomor-
phism. As a consequence of the uniqueness of the homomorphism, any map U — U over GG
must be the identity.

Definition 5.5.5. A central extension (X, ¢) is split if there is a section s : G — X so that
¢S = IdG
X 25 G

s

Note that if (X, ¢) splits, then X = G x ker ¢ via
X — G xXkero T ((bx,:csgb (afl) )
G xker¢p —» X (g,2) — s(g)x
Definition 5.5.6. A group G is perfect if G = [G, G].

Example 5.5.7. Let R be a commutative ring. The groups E(n, R) and E(R) are pefect,
as a consequence of the basic commutator computations of elementary matrices. Similarly,
the groups St(n, R) and St(R) are perfect, because of the “same” commutator relations in
the Steinberg group.
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5.5.2 Criterion for universality

Our next goal is to prove the following criterion for a central extension to be universal.

Theorem 5.5.8 (Milnor [10] 5.3). A central extension U of G is universal if and only if U
is perfect and every central extension of U splits.

We’ll build up to the proof with several lemmas.

Lemma 5.5.9 (Milnor [I0] 5.4). Let (X, ¢) and (Y, ) be central extensions of G. If Y is
perfect, there exists at most one homomorphism from Y to X over G.

Proof. Let f1, fo: Y — X be homomorphisms over G.

fi
Y ;X
f2
N %
G

For y € Y, we have
hily) = fay)e

with ¢ € ker ¢. (Concretely, ¢ = fo(y) ™! fi(y), but whatever.) Now for y,z € Y, we have

Alzy =) = (f)e) (=) (fLu)e) () = falyzy =)

Since Y is perfect, it is generated by commutators, and since f;, fo agree on commutators,
they are the same homomorphism. O]

Lemma 5.5.10 (Milnor [10] 5.5). Every universal central extension is a perfect group.

Proof. We'll prove the contrapositive, which is the following: If (Y1) is a central extension
of G with Y not perfect, then (Y,4) is not universal. In particular, we’ll prove that the
uniqueness property can fail, by constructing central extension (X, ¢) (of G) so that there
is more than one homomorphism from Y to X over G.

Let (Y,%) be a central extension of G, which is not perfect. Then 7y : Y — Y2 =
Y/[Y,Y] is a nonzero homomorphism. Consider the central extension g : G x Y2 —
G,(g9,y) — g. Define fi, fo: Y = G xY® by fi =9 x 1 and fy =¥ X my.

fily) = Wy, 1) fa(y) = (Vy, myy)

These are two distinct homomorphisms Y — G x Y over G.

¢ G x Y

fi
Y
f2
N
e
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Lemma 5.5.11 (Milnor [10] 5.6). If (X, ¢) is a central extension of a perfect group G. Let
X' = [X,X]. Then ¢|x: : X' — G is surjective, and X' is perfect. Thus, (X', ¢|x/) is a
perfect central extension of G.

Proof. Since G is generated by commutators and ¢ : X — G is surjective, it is immediate
that ¢ : X’ — G is surjective. Now we just need to show that X' is perfect.

We claim that every element € X can be written as z = 2’c with 2’ € X', ¢ € center(X).
Let x € X. By surjectivity of ¢|x, there is 2’ € X’ with ¢(z) = ¢(z'). Thenlet ¢ = (2') "'z €
ker ¢ C center(X), so we can write x = 2’c with 2’ € X', ¢ € center(X). Now, a generator
[z, y] of X’ can be written as

[z, y] = [2'c,y/d] = [2', y/]

with 2/, ¢ € X', ¢,d € center(X). Thus X’ is generated by its own commutators, so X' is
perfect. O

Lemma 5.5.12 (roughly Milnor [I0] page 45). Let (U,v) be a central extension of a group
G, with U perfect. Then if (X, ) is a central extension of U, the composition vp : X — G
s a central extension of G.

Proof. Tt suffices to show kervgp C Z(X). Let x € ker(vg). Then ¢z € kerv C center(U).
Thus the map
o;: X =+ X y— xyr !

is a homomorphism over U.

¢0.(y) = ¢p(rya™") = (¢2)(¢y) (o) " = (¢y)(sz)(¢2) ™" = ¢y
X T y X
Nt
U
Let X’ = [X, X] and consider o,|x/. Since U is perfect, by Lemma X' is perfect.

Then by Lemma [5.5.9] there is a unique homomorphism X’ — X’ over U. Since the identity
is such a map, by uniquess we have o,|x = Idx:.

X T X
NS
U

That is to say, © € ker v¢ commutes with elements of X’. By a similar argument as before,
we can write any element y € X as a product y'c with ¢ € X’ and ¢ € center(X). Thus x
commutes with any element of X, hence x € center(X).

z(y'c) = (y'x)e = (y'c)x

Thus (X, v¢) is a central extension of G. O
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Lemma 5.5.13 (Milnor [10] page 45). Let (U,v) be a universal central extension of a group
G. Then every central extension of U splits.

Proof. By Lemma [5.5.10], U is perfect, so by Lemma |5.5.12[the (X, v¢) is a central extension
of G. Now by universality of U, there is a unique homomorphism s : U — X over G. Then

¢s : U — U is a homomorphism over GG, so by uniqueness ¢s = Idy.

U—sx ", Uu
xl“/
G

Thus s is a section of (X, ¢), so it is split. ]

Now we combine all of our lemmas together, and do a bit more work to get the final criterion
for universality.

Theorem 5.5.14 (Milnor [10] 5.3). A central extension U of G is uniwversal if and only if
U is perfect and every central extension of U splits.

Proof. Suppose (U, v) is a universal central extension of a group G. By Lemma U
is perfect, and by Lemma [5.5.13] every central extension of U splits. This completes one
direction of the proof. All that remains to show is that if (U,v) is a central extension with
U perfect and every central extension of U splits, then (U, v) is universal.

Let (U, v) be a central extension with U perfect, and suppose that every central extension
of U splits. Let (X, ¢) be a central extension of G. Form the pullback

UxgX ={(u,x) e U x X :v(u) = ¢(x)}

UxegX —— X
lﬂU l@ﬁ
U———G
The (U x¢ X, my) is a central extension of U, since
(u,z) € kermy = u=1

= v(u) =¢(x) =1

= 1z € ker ¢ C center(X)

= (z,u) € center(U xg X)

By hypothesis, every central extension of U splits. so there is a section s : U — U xg X, so
s(u) = (u, hu) for some homomorphism h : U — X. This h is the required homomorphism
U — X over G.

oh(u) = ¢mx(u, hu) = vy (u, hu) = v(u)

U h s X
G

Since U is perfect, by Lemma h is unique. m
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Using group homology, we can give an alternate form of the previous criterion, which is
sometimes easier to check.

Proposition 5.5.15 (Group homology criterion for universal central extension). Let G be a
perfect group. A central extension E of G is universal if and only if Hi(E,Z) = Hy(E,Z) =
0. P

Proof. By Theorem [5.5.14}

E is universal <= FE is perfect and every central extension of E splits

By Corollary
E is perfect < H{(E,Z)=0

By Corollaries [3.5.5| and [3.6.11],

Every central extension of E splits <= H?*(E, A) = 0 for every trivial E-module A
<= E* is free abelian and Hy(E,Z) =0

From this it is clear that if F is the universal central extension, then H,(FE,Z) = Hy(E,Z) =
0. For the converse, if H,(E,Z) = Hy(E,Z) = 0, then E** = H,(E,Z) = 0 is somewhat
vacuously free abelian, hence by our equivalences E is universal. O]

5.5.3 Criterion for existence of universal central extension

Now that we have a criterion for when an extension is universal, we can use it to say when
exactly a group G has a universal central extension.
Perhaps this is too obvious to note, but there is no reason to expect that every group
G has a universal central extension. First of all if G does, then G is a quotient of a perfect
group, so G is perfect. It turns out that this one obvious necessary condition is also sufficient.
We begin with a few simple group-theoretic lemmas.

Lemma 5.5.16 (Commutator of normal subgroups is normal). Let G be a group, with H, K
normal subgroups. Then [H, K] is normal in G.

Proof. 1t suffices to show that for g € G, conjugating a generator of [H, K| gives an element
of [H, K].
glh,klg™" = ghkh™'k~'g~" = (ghg™")(gkg™")(ghg™")(gkg™)

Since H, K are normal, ghg™' € H, etc. Thus this final product is a generator of [H, K]. [

Lemma 5.5.17 (Taking commutators commutes with taking quotients). Let G be a group
with N a normal subgroup. Then [G/N,G/N] = [G,G]/N (equality as subsets of G/N ).

Proof. The generators of [G/N,G/N]| are elements [xN,yN] with z,y € G. Generators
of [G,G]/N are [xz,y|N. But these two types of generators are the same, because of how
multiplication in G/N is defined. O

27, is viewed as a trivial E-module.
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With these two lemmas in hand, we can prove that our one necessary condition (being
perfect) is also sufficient (to have a universal central extension).

Theorem 5.5.18 (Milnor [10] 5.7). A group G has a universal central extension if and only
if G s perfect.

Proof. One direction is immediate from our previous work, as we now describe. Suppose
G has a universal central extension (U,v). We know U is perfect by Theorem and
G = U/ kerv is a quotient of a perfect group, so G is perfect.

Conversely, suppose G is perfect. Choose a surjective group homomorphism 1 from a
free group F onto G.

1 —— kery - N Ny > 1

Let N = [kervy, F|. By Lemma [5.5.16, N is normal in F. Also, N C kert, since if
a € kery,b € F, then

Yla, b] = (Ya)(b)(Ya) ™' (¥b) " = (¥b)(¥b) " =1

Thus we have a surjection
¢: F/IN = F/kery =G

The kernel of ¢ is central. (Why? Let T € ker¢. Then it has a representative x € ker 1.
Then for y € F/N, we have
[7,9] = 2ya” 'y 'N =N

since = € kert.) Then by Lemma [5.5.11} the commutator subgroup
(F/N) = [F/N,F/N] = [F,F]/N

is a perfect central extension of GG. The last equality is from Lemma Finally, we
show that the perfect central extension [F, F']/N — G is universal, by showing the universal
property directly. Let (X, ) be a central extension of G. Since F is free, there exists a
homomorphism h : FF — X over G.

Foly X
N
G
We claim that h(N) = 1. Take a generator of N, [k, f] with k € ker¢, f € F'. Then

1 =19(k) = ah(k) = h(k) € kera C center(X)

Thus
hlk, f1 = [h(k), h(f)] = 1

166



Since h(N) = 1, h induces a homomorphism % : F/N — X over G.

Then we restrict to [F, F|/N.

[F,F] /N h y X
S~

Thus the required homomorphism exists. It is unique by Lemma [5.5.9] O

5.5.4 Application - Ky(R) = Hy(E(R),Z)

Now we get to reap the benefits of our work with central extensions and extract information
about Ky from it.

Theorem 5.5.19 (Milnor [1I0] 5.1 or Rosenberg [13] 4.2.7). St(R) is the universal central
extension of E(R).

Proof. We already observed that St(n, R) is perfect, and similarly St(R) is perfect, as a
consequence of the defining relations. Using our criterion, the theorem is true if we show the
following.

1. ker ¢, also know as Ky(R), is a central subgroup of St(R), so that St(R) is a central
extension of E(R). We already mentioned this without proof as Theorem [5.5.1]

2. Every central extension of St(R) splits.

Both of these are doable, but take a few pages of proof. The proofs are not that interesting,
though. It’s mostly just playing with group relations. O

Next is the key result linking universal central extensions to group homology. As an immedi-
ate corollary, we will obtain an identification of Ky(R) with the homology group Hy(E(R),Z).

Theorem 5.5.20 (Rosenberg [I3] 4.1.19). Let G be a perfect group, and (E, ) be the uni-
versal central extension with N = ker¢. Then N = Hy(G,Z). Furthermore, under the
1somorphisms

Ext(G, N) = H*(G, N) = Homg(Hy(G,7Z), N)

the class of the extension (E,¢) corresponds to an isomorphism Hy(G,7Z) =N,
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Proof. Let G, E, ¢, N be as in the statement of the theorem, and let A be an abelian group,
viewed as trivial module over £ and G and N. Consider the inflation-restriction sequence

(Proposition (3.9.20)).
HY(E,A) 2= HY(N,A)EN 5 H2(E/N,AN) -5 H2(E, A)

We simplify each term, from left to right.
(Term 1) Since E is perfect, E** = 0, and because A is a trivial E-module, by Proposition

B.2.7,
HY(E, A) = Homg(E*™ A) =0

(Term 2) By the first isomorphism theorem, E/N = G, which acts trivially only H*(N, A),
and since A is a trivial N-module, using Proposition [3.2.7] again,

HY(N, A)P/N = HY(N, A) = Homgz(N, A)

(Term 3) A is a trivial N-module so AY = A, so H*(E/N, AY) = H?(G, A). Then since
the SES of the universal coefficient theorem (3.6.10)) is split,
H*(G, A) 2 Exty,(H\(G,7Z), A) ® Homgz(Hy(G, Z), A)

Since G is perfect and G* = 0, since H,(G,Z) = Homz (G, A) (Proposition [3.2.7 again) is
zero, so the Ext! term vanishes, and

H*(E/N,AN) = H*(G, A) = Homy(Hy (G, Z, A))
(Term 4) Since F is universal, every central extension of E splits by Theorem [5.5.14] so by
Corollary [3.5.5, H?(E, A) = 0. After all these substitutions, the exact sequence becomes
0 — Homy(N, A) —— Homgy(Hy(G,Z),A) — 0

Since A was an arbitrary abelian group, these isomorphism together with the Yoneda lemma
imply N = Hy(G,Z).

To prove the second claim of the theorem, that the extension E corresponds to an iso-
morphism Hy(G,Z) — N, requires tracing the construction of the transgression map 7 of
the inflation-restriction sequence, see Theorems 4.1.19, 4.1.20 of Rosenberg [13] for details
on this. O

Corollary 5.5.21 (Rosenberg [13]| 4.2.10). Let R be a commutative ring with unity. Then
Ka(R) = Hy(E(R), Z)

Proof. By Theorem|5.5.19} St(R) is the universal central extension of E(R), and by definition,
K5 (R) is the kernel.
1 = Ko(R) = St(R) S E(R) — 1

Thus by Theorem [5.5.20],
Ky (R) = Hy(E(R), Z)
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Having accomplished all that we set out to do in identifying Ky(R) with Hy(E(R),Z), we
now ask, what does this give us? Can we say anything about the homology group which we
did not know about Ko(R)? Not at this point, unfortunately. Even if R is a field, E(R) may
still be a complicated group, and computing Hy groups, even with coefficients in 7Z, is not
trivial. But it is a good start.

5.6 K, of a field

We have been rather down on the possibility of computing K of a field using simple tools,
but this does actually turn out to be mostly doable, though the process of getting there
is not especially pretty. Following Milnor [10] (who is presenting work of Matsumoto), we
embark on a process of computing Ky of a field, involving a lot of work with Steinberg group
relations and defining some objects called Steinberg symbols.

The outcome of all of this is eventually Matsumoto’s theorem, which describes Ky of a
field in terms of generators and relations. This presentation is useful enough to compute K,
explicitly in at least one case - for a finite field, all of the generators vanish, so K of a finite
field is the trivial group.

5.6.1 Generation of Ky F' by symbols

This section mostly follows the presentation in Chapter 9 of Milnor [10]. The important
results are Corollary Theorem and Theorem everything else is technical
and involves machinery /notation which can mostly be discarded after obtaining the results.
Consequently, all of the intermediate proofs (which just involve algebraic manipulation) are
omitted. This is not to say the proofs are easy or short, but they are mostly tedious.

In this section with work with arbitrary associative rings with unity, which we denote
by A, not necessarily commutative. We will work in St(n,A) with n > 3. Recall that
St(n, A) is generated by elements xf‘] for 1 <1,57 <n,i+# 5, € A. We denote the canonical
homomorphism St(n, A) — GL(n, A),xg\j > eg\j by ¢.

Definition 5.6.1. For a unit u € A*, define
wij(u) = xa;" af hi(u) = wij(u)wi;(—1)

These are defined in this way so that the images of w;;(u) and h;;(u) in GL(n,A) have the
following somewhat simple forms.
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where unmarked entries along the diagonal are 1, and all other unmarked entries are zero.
The u occurs in the ijth entry, and the —u™! occurs in the jith entry. Similarly,

1

1

where the u occurs in the iith entry, and the —u™! occurs in the jjth entry.

Lemma 5.6.2 (Properties of w;;(u), hi;(v), Milnor [10] 9.5, 9.6, 9.10). Let u,v € A*.

o wij(u) = wj(—u")
[hiz(u), s (v)] = hag(wv)hig(u)~ hag(v) ™

All hij(u) can be written as a product of hy,(v) for various k,v. Furthermore, they
satisfy relations

hij(Whji(u) =1 hig(w) ™ () hig(u) ™ =1
Definition 5.6.3. W C St(n, A) is the subgroup generated by all w;;(u) for 1 < 1,5 <mn,
1# J,u € N~

Definition 5.6.4. A matrix in GL(n,A) is a monomial matrix if it can be written as
a product PD where P is a permutation matrix and D is a diagonal matrix. (Recall: A
permutation matrix has one 1 in each row and column, and zeroes elsewhere.)

Lemma 5.6.5 (Milnor [10] 9.1). If A is commutative, then the image of ¢lw : W — GL(n, A)
15 exactly the set of all monomial matrices with determinant one.

Lemma 5.6.6 (Milnor [10] 9.2). Let w € W. The conjugation map
St(n, A) — St(n, A) T wrw

takes jvery generator xjj to another generator. (See Corollary|5.6.1() for more precise state-
ment.

Definition 5.6.7. Let ¢ : St(n, A) — GL(n, A) be the canonical homomorphism. We define
Cn = ker (¢‘W)

Corollary 5.6.8 (Milnor [I0] 9.3). C,, is contained in the center of St(n,A).
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Proof. Immediate consequence of Lemma [5.6.6 m

Definition 5.6.9. For a permutation 7 € S, and i,j € {1,...,n}, we use the shorthand
m(ij) = w(i), m(j). For example, instead of () »(j)(u) we write h.qj(u).

Corollary 5.6.10 (Milnor [10] 9.4). Let w € W. We may uniquely express ¢p(w) as a product
PD, with P a permutation matriz and D = diag(vy, ..., v,) a diagonal matriz. Let m € S,
be the permutation corresponding to P. Then

—1
A1 vi)\vj
WIGHW ™ = T
—1

1 viuw;
wwii(Ww™ =T

whij (U)w_l = hﬂ-(ij) (viuvj_l)h,,(ij) (’Uﬂ}j_l)_l

Definition 5.6.11. Let A be a commutative ring. The symbol map is
{{} A xA=>KyA {u,v} = [hi;(w), hix(v)] = hig(uv)hig (w)  hig(v) 7!

for i # 7,1 # k,j # k. Note that this does not depend on the choice of indices i, j, k due
to the last two properties of Lemma Also note that this agrees with the definition
of symbols in Chapter 8 of Milnor [10], because ¢(hyz2(u)) = D, and ¢(hiz3(v) = D’ (see

Definition [5.6.1]).

Lemma 5.6.12 (Milnor [10] 9.7). Let A be a commutative ring. Then symbol defined above is
skew symmetric and bimultiplicative. Furthermore, the image is contained in C,, = ker (¢|w).

Just for clarification, we return to not assuming A is commutative.

Lemma 5.6.13 (Milnor [10] 9.8). For any unit uw € A*, {u,—u} =1. Ifu,1 —u € A*, then
{u,1—u} =1.

Corollary 5.6.14 (Symbols vanish in a finite field, Milnor [10] 9.9). If A is a finite field, or
if N=Z/p"Z for a prime p with p an odd prime, then {u,v} =1 for all u,v.

Lemma 5.6.15 (Milnor [10] 9.14 and 9.15). Let T' C St(n, A) be the subgroup generated by
all xf} with 1 < j.

1. Every element of T can be written as a product
H x;\j(ij)
i<j

with the factors arranged in lezicographic order. (This is a straightforward consequence
of Steinberg relations.)

2. As a consequence of (1), ¢ maps T isomorphically onto the group of upper triangular
unipotent subgroup of GL(n,A). (“Unipotent” means 1’s along the diagonal.)

3. If A is a division ring, then St(n,A) = TWT. (Obviously TWT C St(n,A), so the
content of this assertion is just the reverse inclusion.)
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Recall that C,, = ker (¢|w) C St(n,A). We can also write this as W N ker ¢.

Theorem 5.6.16 (Milnor [10] 9.11). Let A be a commutative ring. Then C,, is generated by
symbols {u,v}.

Theorem 5.6.17 (Milnor [10] 9.12). If A is a division ring, then ker ¢ C W, so ker ¢ = C,,.
Thus St(n, A) is a central extension of E(n,A) for n > 3.

Theorem 5.6.18 (K, F is generated by symbols, Milnor [10] 9.13). If A is a field, then Ko A
is generated by symbols {u,v}. In particular, if A is a finite field, then Ko A is trivial (by

G0

Proof. Immediate consequence of Theorems [5.6.17 and [5.6.16| n

The next proposition gives some more details on why Ky vanishes for a finite field.
Proposition 5.6.19. Let F, be the finite field with q elements.
1. If q is odd, there exists u € F such that uw and 1 — u are both not squares.
2. If a is a generator of F, then {a, a} is trivial.
8. For any u,v € F), {u,v} is trivial.
4. Ky(F,) is trivial.

Proof. (1) Note that F, is cyclic of order ¢ — 1. Let a be a generator. Since ¢ — 1 is
even, half of the elements of F) are squares (1,0% a*,...,a%"%) and half are not squares
(a,a3,...,a?72). Consider the bijection

F, — F, u—1—u
This maps 0 to 1 and 1 to 0, so we have a bijection
F,\{0,1} — F,\ {0,1} u—1—u

Suppose there is no v such that v and 1 —wu are both not squares. Then under this bijection,
all of the % non-squares get mapped to squares. But one of the squares in F is 1, so there

are only ‘I;; — 1 squares in [F, \ {0, 1}, so this is impossible. Thus there does exist u € F
such that u, 1 — u are both not squares.
(2) Let a be a generator of F\. Note that since the symbol is anti-commutative,

{o,a}? =1

Also note that
{aaa}q_l - {aq_la Oé} = {]_,Oé} =1
If g is even (so ¢ — 1) is odd, this says that {«, a} to an odd and even power are trivial, so

it must be trivial. If ¢ is odd, by (1) we can choose u € F such that u, 1 —u are both not
squares, so 4 = a', 1 —u = o7 with 4, j odd. Then

1={u,1—u}= {ozi,ozj} = {a,a}ij
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so once again {«a,a} to an odd power (namely 7j) is trivial. Since it also squares to 1, it is
trivial.
(3) Let u,v € FY. Then write them as powers of a generator u = o‘,v = o/. Then by

the symbol relations, o 3
{uv} = {o’, &’ } = {a, a}"

which is trivial by (2).
(4) This is immediate from (3) and the fact that symbols generate Ky(K') for any field
K. [l

5.6.2 Matsumoto’s theorem

Finally we give a precise statement of Matsumoto’s theorem, which gives a presentation of
Ks F for a field F'. We do not prove it here.

Theorem 5.6.20 (Matsumoto’s theorem). Let F' be a field. The abelian group Ko F' has a
presentation with generators {x,y} for x,y € F* and relations

{z,1—2} =1 for  #£0,1
{122, y} = {71, y} {72, v}
{x7y1y2} = {x7y1}{x7y2}

Remark 5.6.21 (Milnor [I0] 11.2). By the kernel C,, of St(n,F) — SL(n, F) is
generated by the symbols {u, v}, which satisfy the relations of . Thus by there
is a canonical surjection Ko F' — C,,, defined by sending a generator {u, v} to itself.

Since Ky A is the direct limit over n of the C,,, the universal property of the direct limit
gives a map C,, — Ky A, and by uniqueness considerations, these maps must be inverses.
Thus C3, Cy, Cs, . .. are all canonically isomorphic to each other and to the direct limit Ky A.

5.6.3 Steinberg symbols

Since the symbol map {, } was so crucial in describing K, of a field, we make some abstract
definitions generalizing a map with the same properties, and some properties such maps
always have.

Definition 5.6.22. Let F be a field and A an abelian group, written multiplicatively. A
Steinberg symbol on F' with values in A is a bimultiplicative map ¢ : F* x F* — A
satisfying c(x,1 —z) = 1.

Corollary 5.6.23 (Milnor [I0] 11.3). If ¢ is a Steinberg symbol on F with values in A, there
is a unique homomorphism Ko F' — A so that {x,y} — c(x,y) for all z,y € F*.

Proof. This is just the case n = 2 of Remark [
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Lemma 5.6.24 (Properties of Steinberg symbols). Let ¢ : F* x F* — A be a Steinberg
symbol.

c(zy, z) = c(z, 2)c(y, 2) bimultiplicative, by definition
c(x,yz) = c(z,y)c(x, 2) bimultiplicative by definition
(e, 1 —x)=1 by definition
clx,1) =c(l,z) = consequence of bimultiplicative
c (x, y_l) =c(z,y) ' =c (x_l, y) consequence of bimultiplicative
c (x_l, y_l) = c(z,y) consequence of bimultiplicative
clx,—x) =1 see Milnor[1(] page 95
c(z,y) = c(y,z)™* see Milnor[70] page 95
r+y=1= c(z,y) =1 because ¢(z,1 —x) =1
c(z,—1)? =1 consequence of bimultiplicative

5.6.4 Tate’s computation of Ky Q

At this point, we have Matsumoto’s presentation of Kyo(F'), and we can use it to explicitly
determine Ky(F') in the case where F'is finite. This presentation is also sufficient to explicitly
describe Ko(Q), though it takes more work, and we omit many of the details.

Definition 5.6.25. A discrete valuation v on a field K is a group homomorphism v :
K> — Z, satisfying

v(z +7) > min (v(a:), v(y))

It is often convenient to extend v to K — Z U {oo} by setting v(0) = co. The associated
discrete valuation ring is

Ok ={z e K*:v(x) >0} U{0} ={z € K : v(z) > 0}
which has unique maximal ideal

m={ze K :v(z)>0}U{0} ={zeK:v)>0}
The quotient Ok /m is the residue class field of K.

Definition 5.6.26. Let v be a discrete valuation on a field K, with residue class field
k = Ok /m. The associated tame symbol is d, : K* x K* — k* is

v(y)

i

da,y) = (-1
yv(x)

Note that d, is a Steinberg symbol (Milnor [10] 11.5).

Definition 5.6.27. For a prime p € Z with p > 3, let v, be the p-adic valuation on Q.
To economize on notation, we denote d,, (z,y) by (z,y),. Note that (z,y), takes values in
(2/p2)* (for p > 3).
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In the case p = 2, we define (z,y)y as follows. Any nonzero rational can be written
uniquely in the form (—1)2/5%u where k = 0,1 and u is a quotient of integers congruent to
1 modulo 8. Then define

((_1)i2j5ku’ (_1)I2J5Ku/)2 — (_1)il+jK+kJ
This is in fact a well defined Steinberg symbol. Note that (z,y), takes values in {£1}.

Definition 5.6.28. We denote the target of (z,y), by A,, so we have Ay = {£1}, and for
p>3,A,=(Z/pZ)".

Theorem 5.6.29 (Milnor [10] 11.6, due to Tate). The map
KoQ—=AoA304:e... {zyt— (2,9):2:8 (2,9); D (2,¥): . ...
15 an tsomorphism of abelian groups.

For an alternate description of the previous theorem, see Rosenberg Theorem 4.4.9 [13)].

5.7 Milnor K-theory

In this section we discuss Milnor’s attempt to define higher K-groups for fields by generalizing
the presentation given by Matsumoto in the calculation of Ky F. The higher Milnor K-groups
are NOT isomorphic to the higher K-groups defined by Quillen, but much simpler to define
and work with. Also, there is a homomorphism from Milnor’s K,, F' to Quillen’s K,, F', which
is an isomorphism for n = 0,1, 2. rﬂ

The presentation follows section 1.2 of Fesenko https://www.maths.nottingham.ac.
uk/plp/pmzibf/book/ch9n.pdf.

Definition 5.7.1. Let F' be a field, and for n € Z>; consider the n-fold tensor product
T" = X ®Z"'®ZFX

We write 7" multiplicatively (even though tensor products are typically written additively),
so that

(®®®  Qa) (@ VR Ray) =@ QDS @ @y
f Let I, € T™ be the subgroup generated by elements
a1 ® - Qap

with a; + a; = 1 for some ¢ # j. Then nth Milnor K-group of F' is the quotient
KM(F) = T"/1I,. We also set K)' F = Z. (This makes sense since Ko F' = Z, see example
5.1.11).

Jhttps://en.wikipedia.org/wiki/Milnor_K-theory
4If we write 7" additively instead, this relation looks like

(041®"'®ai®"'®an)+(al®"'®ﬁi®"'®an):a1®"'®(ai+6i)®"'®an
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Definition 5.7.2. The image of 01 ®- - -®a, € K,]‘L/[ Fis a symbol and written {aq, ..., a,}.
By definition, the symbols generated K I, which is the generalization of our known fact
that symbols {z,y} generate Ko F' (Theorem [5.6.18)). By definition, the symbols satisfy the
relations Pl

{ag,...,a,} =1 if a; + oj = 1 for some i # j

(oaB,. Y= . a. . .. 8.2}

Remark 5.7.3. By Matsumoto’s theorem, Ké”F = K, F, since Matsumoto showed that

K F' is generated by elements {x,y} for z,y € F* with the same relations. Also note that
Ki”F = K; F, since in this case T" = F* I, = 0 so K{WF = X, and by example
Ky F = F* also.

Lemma 5.7.4. Symbols satsify the relations

m

{aT", ag,...;an} ={a1,...,an} for all m € Z

{ag,...,a,} =1 if o; = 1 for some 14

Proof. The first is an immediate consequence of multiplicativity. The second is a consequence
of the first, as

Definition 5.7.5. For n,m € Z>,, the usual “concatenation” map
T7L®ZTm_>T7L+m (Oé1®06n)®<05n+1®®04m>'_>041®®06m
induces a map [

KnMF(X)ZK%F%KM F {ag, ,an} @ {ani1,  ,am} = {ag, -, an}

n+m

Also in the case n = 0 or m = 0 we have the usual Z-actions on KX F or KM F respectively,
so taking this all together, we have made a graded ring

K" F =K} F
n>0

called the Milnor ring of the field F.

5 If we write these relations additively, they look like

{at,...,a,} =0 if a; + a; = 1 for some ¢ # j

(oaB =L o Y+ {82

5There is some checking here that various things satisfy needed relations, but this is not especially
interesting to work out.
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Definition 5.7.6. Let I’ be a field and A an abelian group, written multiplicatively. A
generalized Steinberg symbol on F', also called a Steinberg cocycle or n-symbolic
map is a map

C:HFX—>A
i=1
such that
. xy,..)=cl...;x,. ) el y,..)
c(xy,...,x,) =1 if x; + z; = 1 for some i # j

The first property is called (multi)-multiplicativity and the second property is called
the Steinberg property. Alternately, we may bake in the multiplicativity property by
requiring that ¢ be a map

c: (F)*" = A
in which case c just needs to satisfy the Steinberg property. We will also call such a map an
n-symbolic map.

Remark 5.7.7. Let ¢ be an n-symbolic map on a field F'. By multiplicativity, ¢ induces a
map on T = Q);_, F*, and by the Steinberg property, it vanishes on I,,, so ¢ induces

KfL”F—>A {z1,.. . 2.} = c(xq, ... 2,)

Since the symbols generate KM F, this extends uniquely to a map on all of KM F.

5.7.1 K, of an algebraically closed field

We continue to follow Fesenko’s noteshttps://www.maths.nottingham.ac.uk/plp/pmzibf/
book/ch9n.pdf to show that if F'is an algebraically closed field, then Ky F' is divisible.

Definition 5.7.8. Let A be an abelian group written additively, and let n € Z, and consider
the multiplication-by-n-map n : A — A, a — na. If A is written multiplicatively, it is more
appropriate to call this the nth-power-map and write it n: A — A, a — a”.

A is n-divisible if n : A — A is surjective. A is uniquely n-divisible if n: A — A is
an isomorphism. A is divisible if it is n-divisible for all n € Z>;. A is uniquely divisible
if it is uniquely n-divisible for all n € Z>;.

Proposition 5.7.9. Let F' be a field and m € Z>y such that F* = F*™, and also suppose
that either char F' = m or the group of mth roots of unity p,,, C F*® s contained in F'. Then
K% I is uniquely m-divisible.

Proof. Define

meFX%K%F (Oél,...,Oén)|—>{ﬁ1,0é2,...,Oén}

i=1
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where §; € F* satisfies 87" = ay. To verify that this is well defined, suppose 7, € F'* is also
an mth root of ay, 7" = ay. Then

(5171_1)m =B ™ =yt =1

so B1y; ' = ( is an mth root of unity. Now choose 8, € F* so that ap = B5. Then using
Lemma [5.7.4] a few times,

{Br,00,...,;a,} = {nl g, ..., a0}
={m,q, ..., } {C, as,...,a,}
={, 02, 0 {G B and
= {1, 2, ., } {C, B2,y }”
={m,q, ..., }{("=1,0s,..., 0}
={7,q,...,a,}

Thus f,, is well defined. Now we claim that f,, is an n-symbolic map. It is clear that f,, is
multiplicative with respect to the arguments ao, ..., a,. It is also multiplicative with respect
to the 1st argument, since if 5" = a4, (81)™ = af, then (518])™ = 1o} and so

fmlarad, ag, ... ) = {8161, - -, an}
:{Bla'-wan}{ﬁiw"van}

= folag, ... an) fm(a], ... an)

If a; + a; = 1 for some 7 # j, and ¢,7 # 1, then it is clear from the definition of f that
fm(oa,...,a,) = 1. If a5 + o; = 1 for some j # 1, choose ; so that 8" = oy, and then
we need to consider the cases (1) char ' = m and (2) p,, C F separately. In case (1) where
char F' = m, we get

aj=1l—a;=1-p"=(1-7p)"

hence

fm(Oél,...,Oéj,...):{61,...7(1—61)m,...}:{61,...,1—51,...}7”:].

since 1 + (1 — 1) = 1. So in case (1), f,, has the Steinberg property. In case (2), let ( € F
be a primitive mth root of unity. Then

aj=1-o=1-p7=]J(1-¢"3)
k=1
Note that
1={*B,....1 =B, ={¢ . 1 =6 B, 1= CFB, .} (BT
— (B, 1=y, =k =B, (5.7.2)
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Then using equation [5.7.2]

fmloa,. .., ,...) = {51,...,1"[(1—&51),...}
k
=T[{6,....1 =By =T[4k 1= ¢FB,.
k k

Now choose d;, so that 67" = 1 — ¢*;. Then we continue our equalities.

fulon,.oag ) = [TAC oy =TT b
=TI{CH™ o =] by =1 =1
k k

k

So in case (2), f,, has the Steinberg property. Hence in either case, f,, is an n-symbolic
map, and induces the group homomorphism

fm  KMF KM F {ag, .. .,;an} = {01, ..., an}

where S = ay, which is inverse to m-power-map, since

(Fmom){ar,...,on} = fm{ar, ..., o} = fu{at, .. on} = {on, ..., ap}
Thus KX F is uniquely m-divisible. O]
Corollary 5.7.10. Let F' be an algebraically closed field. Then KnM F is uniquely divisible.

Proof. Since F'is algebraically closed, it contains all mth roots of unity for all m > 1. Hence
by Proposition [5.7.9, is uniquely m-divisible for all m > 1, so by definition of uniquely
divisible [5.7.8] it is uniquely divisible. ]

Having done the above, we now give a slightly different method of showing that K}’ of an
algebraically closed field is divisible. We give a laundry list of lemmas which build up to
this. In the end, the proof ends up relying on basically the same trick as the Fesenko proof,
but it’s still interesting. These ideas are from exercise 7.1 of Gille & Szamuely [4].

Proposition 5.7.11. Let K be an algebraically closed field. Then K (K) is uniquely divis-
ible.

Proof. Let n € Z, n # 0, and consider the following diagram with exact rows.

0 — R —— KXo, K* s KMK) —— 0
0 —+ R—— K*@, K% 2 KM(K) —— 0
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where R is the submodule generated by elements u® (1 —wu). By Proposition [1.4.14] K*®@K*
is uniquely divisible, so the middle map is an isomorphism. By the snake lemma, there is an
exact sequence

kern — kern — ker n — coker n — cokern — cokern

which since the middle map is an isomorphism becomes

0 — kern — cokern — 0

Since Ké”(K ) is a quotient of a divisible group, it is divisible, so it suffices to prove that it
is torsion free, which is to say, that the kernel of n is trivial. By our isomorphism, this is
equivalent to showing that n : R — R has trivial cokernel, namely, is surjective. Since R is
generated by elements u ® (1 —u) for u € K*, it suffices to show that u'/" ® (1 —u) € R,
or equivalently by exactness, that {ul/”, 1-— u} =1 in KY(K).

This is where we are essentially back to the argument of Fesenko. Let § € K*, " = u,
and let ¢ € K* be a primitive nth root of unity. Then

Now

pa-w={s]Jo-cnp=TI{s1-coy =T{cr-asy

Now choose a; € K* so that o =1 — (*8. Then

1= H {Ci,a?}fl = H {Qi,ai}fn = H {C"”,ai}fl = H{l,ai} =1

5.8 Merkurjev-Suslin theorem

The Merkurjev-Suslin theorem is the bow that ties together almost everything developed in
these notes. Depending on how the statement is formulated, it involves group cohomology,
Brauer groups, algebraic K-theory (in particular, Ky which is the same as Kéw ). It relates
the languages of central simple algebras (in particular, cyclic algebras) with the language
of cup products from group cohomology, and makes use of the isomorphisms of Kummer
theory.

Though it is not the most general version of Merkurjev-Suslin, the easiest way to con-
ceptualize the theorem is that it tells you rather explicitly about a set of generators for the
Brauer group of a field. It says that the m-torsion subgroup of Br(K) is generated by “cyclic
algebras,” whatever those are. Since Br(K) is a torsion group, it is the union of all m-torsion
subgroups, so this gives a complete set of generators for Br(K).
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In a more general version, Merkurjev-Suslin gives an isomorphism between the m-torsion
of Br(K), and the quotient K} (K)/m K2, and tells you how elements correspond under
this isomorphism. A symbol {a, b} in K3’ corresponds to a cyclic algebra (a,b),, in Br(K).

Before we can state the Merkurjev-Suslin theorem, we need to describe the Galois symbol
map. In its most general statement (in these notes), the Mekurjev-Suslin theorem says that
the Galois symbol map induces a particular isomorphism. Defining the symbol map involves
Kummer theory, cup products, and some lemmas about Kéw .

5.8.1 Statement of Merkurjev-Suslin theorem in terms of cyclic al-
gebras
In this section, we assume K is a field containing a primitive mth root of unity. The results

still hold in the general case, but they are simpler to state in this case, and the description
of cyclic algebras is much simpler in this case.

Definition 5.8.1. Let K be a field containing a primitive mth root of unity w. Fora,b € K*,
the cyclic algebra (a,b), is given by the presentation

(x,y | 2™ =a,y™ = b, xy = wyx)
Note that dimg(a,b), = m?, with a K-basis given by products z'y’ for 0 <i,7 <m — 1.

Theorem 5.8.2 (Merkerjev-Suslin, Theorem 2.5.7 on page 41 of Gille & Szamuely [4]). Let
K be a field containing a primitive mth root of unity w. The a central simple K-algebra A
whose class has order dividing m in Br(K) is Brauer equivalent to a tensor product of cyclic
algebras.

[A] = (a1,01) ®k - -+ @k (as; i)
That is, the m-torsion subgroup ., Br(K) C Br(K) is generated by cyclic algebras.

Remark 5.8.3. Every field has a primitive square root of unity (namely —1), so the case
m = 2 says that the 2-torsion of Br(K) for any field K is generated by quaternion algebras.
(This is pointed out in Theorem 1.5.8 of Gille & Szamuely [4].)

5.8.2 Construction of Galois symbol

We outline the process of constructing the Galois symbol map h¥. , : K} (K) — H"(G g, p&",
assuming char K is coprime to m. This will allow us to make a state a more general version
of Merkurjev-Suslin.

Remark 5.8.4. Let K be a field and let m be a positive integer such that m is coprime
to the characteristic of K, so that the group of mth roots of unity pu,, lives in a separable
closure K*P. Let Gx = Gal(K*P/K) be the absolute Galois group of K. Recall from
Kummer theory that in this situation, there is an isomorphism

KX/KXm ~ HI(GK,Mm)
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We may also view this as a surjection K* — H'(G, pu,,) with kernel K*™,
0— K™ — K* — H Gk, ) — 0
The isomorphism may be described explicitly in terms of elements as follows. For a € K*,
the class of a € K*/K*™ corresponds to the Kummer cocycle x, € H (Gk, fim ), where
o(@)

Xa: Grg = tim o —
o

where « is any mth root of a. For details behind this, such as why y, is well defined, or why
it is a cocycle, see Proposition 4.3.6 of Gille & Szamuley [4] or Proposition 2.5.8 of Sharifi
[15].

Definition 5.8.5. Let R be a ring and M be an R-module. We use the notation M®™ for
the n-fold tensor product M ®g --- ®g M with n factors. (In what follows, we will always
have R = Z, but this notation makes sense more generally.)

Definition 5.8.6. Let K, m, K", u,,, Gk be as above. For n € Zs,, Consider the cup
product (all tensor products over Z)

HY (G, pom) ™" = H" (G, ")

Combining this with the surjections K* — H'(Gx, pt;m), we obtain a homomorphism
" (K)®" — H"(Gr, u")

Remark 5.8.7. Recall the general fact that for two positive integers a, b,

Z]aZ @y 7JVZ = 7./ ged(a, b)Z
Iterating this, we obtain

PE = gy @+ @ gy LML R -+ R LML 2 L)L 2 iy,

So for the target of 9" we have H"(Gy,ul") = H"(Gk, iim). Despite this, we still often
write the tensor product.
Proposition 5.8.8. Let 0" be the map defined above. If ay, ..., a, € K* such that a;+a; =1
for some pair i # j, then 0"(a1 ® --- ® a,) = 0.
Proof. Lemma 4.6.2 and Proposition 4.6.1 in Gille & Szamuley [4]. O
Definition 5.8.9. Let K, 9", etc. be as above. Recall that the nth Milnor K-group KM (K)

is the quotient of (K *)®" by the ideal generated by elements a; ®- - - ®a,, for which some pair
i, 7 we have a;+a; = 1. By definition, 0" vanishes on this ideal, and induces a homomorphism

Wi KM(K) = H"(Gg, p&")

n

0 — ker s (K)en
”| /
H*(G i, )

The class of a; ® - ® a,, € (K*)®" in the quotient KM (K) is denoted by {ay,...,a,} and
is called a symbol. The map hf ,, is the Galois symbol map.

KM(K) — 0

182



5.8.3 Statement of Merkurjev-Suslin theorem in terms of Galois
symbol

Now we state the Merkurjev-Suslin theorem (without proof) in general for any field K, in
terms of the Galois symbol h%,, : K3'(K) — H*(Gk, u%?).

Theorem 5.8.10 (Merkurjev-Suslin theorem, Theorem 4.6.6 on page 132 of Gille & Sza-
muely [4]). Let K be a field and m a positive integer which is invertible in K. For n = 2,
the Galois symbol map is a surjection

Wiem + 55" (K) = H* (G, i)
with kernel mKy(M), so it induces an isomorphism
Ky (K)/m = H* (G, piy,’)

Remark 5.8.11. The previous theorem is a special case of the much more general Voevodsky-
Rost theorem (published 2000), formerly known as the Bloch-Kato conjecture. It says that
Rl ., 1s an isomorphism for all n > 0, not just n = 2. Note that the case n = 0 is trivial,
and n =1 is just the isomorphism

Ky(K)/m=K*/K*™ = H (G, jtm)
of Kummer theory. The case n = 2 (above) was proven by Merkurjev-Suslin in 1982.

Remark 5.8.12. Let K be a field and let m be a positive integer which is coprime to the
characteristic of K. Let Gx = Gal(K*P/K) be the absolute Galois group. From remark
5.8.7, we have an isomorphism

H* (G, piy) = HY (G, i)
From Kummer theory, we have an isomorphism
H*(Gx, ptm) = 1 Br(K)
Combining these with the isomorphism of the Merkurjev-Suslin theorem, we obtain
Ky (K)/m =, Br(K)

Remark 5.8.13. Here is a large diagram attempting to summarize the various objects and
maps involved in the above statements. The map ¢ is one of the isomorphisms from Kummer
theory, coming from the connecting homomorphism of a LES.

The vertical sequence involving K} (K) is exact by definition of K37(K). The first
horizontal row is exact by definition of kernel. The inclusion of (v ® (1 — u)) into ker 9 is
the content of Proposition Exactness of the second horizontal row is the content of
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the Merkurjev-Suslin theorem.

~

(u®(1—u?|u€KX)

v

0 — s kerd®> —— s K*@K* —& 5 HY (G, i) ® H-(Gx, i)
@]
¥ h%{m N2
0 —— mKM(K) ——— KM(K) ’ s H?(Gg, u®?) ——— 0
0 Hz(GKmum)
= Kummer theory

 Br(K)

5.8.4 Connection between the two versions

Since we stated two theorems which are not immediately obviously the same thing and used
the same name for them, we should justify why these are reasonably thought of as “the same”
theorem. The reason is that the first version, in terms of cyclic algebras, is a corollary of the
second version in terms of the Galois symbol, once we set up a few lemmas.

Definition 5.8.14. Let L/K be a cyclic Galois extension of order m, and fix an isomorphism
X : Gal(L/K) — Z/mZ. Let b € K*, and let 0 = x~'(1). The cyclic algebra (x,b) is the
algebra with the following presentation. It is generated as an L-algebra by L and an element
y, satisfying

y" =10 o) =y 'y, VAEL

Remark 5.8.15. If K contains a primitive mth root of unity w, then there is an isomorphism
(x,b) = (a,b),, [] which justifies the double use of the term “cyclic algebra.” See Corollary
2.5.5 of Gille & Szamuely [4].

Proposition 5.8.16. Let K be a field, fix separable closure K5, and let G = Gal(K*P/K).
Let L/ K be a cyclic Galois extension of degree m contained in KP, and let G = Gal(L/K).
Fiz an isomorphism

X:G > Z/mZ

Then define
X :Gg — Z/mZ o x(olp)

Let § : HY(Gg,Z/mZ) — H*(Gk,Z) be the coboundary map of the LES associated to

07Z%7—7Z/mZ—0

"There are details about what a anc y should be to make this work, but we omit these.
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Then consider the cup product map
H*(Gr,Z) @ H (G, K*P*) = H*(G, K**)
Fiz b € K*. Under the isomorphism
H*(Gg, K*P*) = Br(K)
the element §(X) U b correpends to the Brauer class of the cyclic algebra (x,b).

Proof. Proposition 4.7.3 of Gille & Szamuley [4]. O

Proposition 5.8.17. Let K be a field and let m be a positive integer which is coprime to the
characteristic of K, and suppose K contains a primitive mth root of unity w. Let a,b € K*.
Under the isomorphism

KM(K)/m = ,,Br(K)

of remark the element {a,b} corresponds to the Brauer class of the cyclic algebra
(a,b).,. That is, Wy, {a,b} is Brauer equivalent to (a,b),.

Proof. Proposition 4.7.1 of Gille & Szamuely [4]. O

Remark 5.8.18. The tensor product K* ® K* is generated by simple tensors a ® b, so
the quotient K (K) is generated by the images of these, that is, K} (K) is generated by
symbols {a,b}. Thus the previous proposition says that ,, Br(K) is generated by cyclic
algebras (a,b),. That is to say, the Galois symbol version of Merkurjev-Suslin implies
the cyclic algebra version of Merkurjev-Suslin [5.8.2]
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Chapter 6

Local fields

This whole chapter is more of an appendix, and primarily serves as a reference for sections
4.6.7] and 4.6.8] Despite this, it is a very incomplete reference.

6.1 Valuations and absolute values

The primordial example of an absolute value is the usual absolute value on R or QQ, which
has the well known extension to complex norm on C. Unfortunately, we will largely ignore
this absolute value, because it is not as “algebraic” as the absolute values we consider.

Definition 6.1.1. Let K be a field. An absolute value on K is a function |- | : K — Rx
which satisfies
|z =0 <= =0

and is a group homomorphism K> — R, that is, for z,y € K,
|zy| = [[y]
and satisfies the triangle inequality
|z +y| < |z] + [yl
If the absolute value also satisfies the stronger nonarchimedean triangle inequality
|z 4 y| < max(|z], y])

then we call the absolute value nonarchimedean. Note that the usual absolute value on R
is not nonarchimedean (so we call it archimedean).

Example 6.1.2. Let p € Z be a prime. The p-adic absolute value on Q is given by

’x|P = ‘pnx/’p =p "

where 2’ is uniquely determined by factoring out all powers of p from x. Another way to
describe this valuation is by
lql, = {
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where ¢ in Z is a prime or —1. Using the multiplicative property, this determines |- |, on all
of Q. Note that the p-adic absolute value is nonarchimedean (requires some basic number
theoretic arguments to prove).

Remark 6.1.3. Let K be a field with an absolute value |-|. This induces a distance function
on K via

d(z,y) = |z —y|

which gives K a metric topology. Whenever a field K has an absolute value, we think of it
having the induced metric topology.

Theorem 6.1.4 (Gouvea [5] 2.2.2). Let K be a field with absolute value |- | : K — Rxq, and
let
A={ln:neZ} CK

be the image of Z in K. The absolute value is nonarchimedean if and only |a] < 1 for all
a€ A

Proof. Tf the absolute value is nonarchimedean, then for a € A we have
la| =1+ -+ 4+ 1] <max(|1],...,|1]) =1

which proves the forward direction. For the converse, let z,y € K; we need to show |z+y| <
max(|z],|y|). If y = 0, this is obvious since |0] = 0. If y # 0, then this is equivalent to

‘E—Fl‘ < max (‘f‘,l)
Y Y

Thus if the inequality holds for y = 1, it holds in general. That is, we just need to show
|z + 1| <max(|z|,1). Let m € Z>;. Then

> (1) <3| ()

k=0
lz+ 1| < (m+ 1)1/m max(1, |x])

o+ 1] =

o <Y faf* < (m+ 1) max(1, |«™)
k=0

Taking mth roots, we obtain

for every m € Z>,. Since
lim (m + 1)Y/™ =1

m—0o0
the previous inequality holding for all m € Z>; implies
|z + 1 < max(1, |z|)

which is what we needed to show. O

Theorem 6.1.5 (Ostrowski’s theorem). Up to equivalence, the only nontrivial absolute val-
ues on Q are |- |o and |- |, for primes p € Z. (Conversely, these are all distinct for py # ps.)
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Proof. This is not a trivial result, but also does not involve heavy mathematical machinery.
See Milne [8] chapter 7 for a proof. O

Proposition 6.1.6 (Exercises 68, 69 of Gouvea [5]). .
1. Let p,q be distinct primes. The p-adic and q-adic absolute values are not equivalent.

2. An archimedean absolute value on a field K is not equuialent to a nonarchimedean
absolute value. In particular, |- |, is not equivalent to | - | for any p.

Proof. (1) They are equivalent if and only if there exists ¢ € R.g such that |z[5 = |z[ for
all z € Q. For any ¢ € Ry,

C C 1
Iply =1 IQ\qZE#l

(2) If an archimedean absolute value | - |, is equivalent to a nonarchimedean absolute value
| - |p, then |z|, = |z|§ for some ¢ € Ry, so

|7+ yla = &+ yly < max ([z]p, [yl)" = max (|3, lyl;) = max(|z]a, [yla)

S0 | - |4 has the nonarchimedean triangle inequality, which is impossible by definition. O

An alternative way to look at nonarchimedean absolute values is by looking at valuations.
Later we’ll show that these are entirely equivalent perspectives.

Definition 6.1.7. Let K be a field. A valuation on K is a group homomorphism v : K* —
R, satisfying

v(z +y) = min(v(z), v(y))
for all x,y € K*. It is sometimes convenient to extend a valuation v to all of K by setting
v(0) = oo, but this shouldn’t be taken too literally.

A valuation v is discrete if the image v(K*) is a discrete subgroup of R. Note that a
discrete subgroup of (R, +) is necessarily isomorphic to Z, so often we normalize a discrete
valuation so that the image is precisely Z, which we can always do just by introducing a
scaling factor.

Lemma 6.1.8. Let K be a field and v : K* — 7Z a discrete valuation. Then
1. If a € K* is a root of unity, then v(z) = 0.
2. If a,b € K* and v(b) < v(a), then v(a+ b) = v(b).

3. Ifay,...,a, € K* satsify a1 +---+a, =0, then the minimal value of v(a;) is attained
for at least two indices.

Proof. (1) If a™ =1 then nv(a) = v(a") = v(1) = 0 so v(a) = 0.
(2) Let a, b be such that v(b) < v(a). Then

v(a+b) > min(v(a),v(b)) = v(b)
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and
v(b) =v(b+a—a) > min(v(a+b),v(—a)) = min(v(a + b),v(a))

If this min was v(a) we would have a contradiction since v(b) < v(a), so v(b) > v(a + b).
Since we have inequality both ways, v(a + b) = v(b).
(3) Suppose a; + -+ - + a, = 0 and choose i so that v(a;) is minimal. Then solve for a;.

a/i:_(a/l+"'+/a\i+"'+an)
Taking valuations,

U(az‘)Zv(—l)+v(a1+-~-+&}+--~+an):U(a1+---—|—ai—|—---+an)Zm?iénv(aj)
Jj#i

Thus there is another value j such that v(a;) < v(a;). But by choice of 4, v(a;) < v(a;), so
they are equal. O
6.1.1 Correspondence between valuations and absolute values

Proposition 6.1.9. Let K be a field and fir b € K*. There is a bijective correspondence

{discrete valuations on K} +— {nonarchimedean discrete absolute values on K}

v |z| = b°@

Also, this correspondence preserves the usual equivalence on both sides.
Proof. Omitted. n

Remark 6.1.10. We spell out the correspondence above in more detail with the following
table.

Nonarchimedean discrete absolute value | Discrete valuation

|-]: K = Ryg v:K* =7

|-]: K — Rxg v: K —ZU{oo}

|z] =0 <= =0 v(0) =00 <= =0

|[zy| = |z|[y] v(zy) = v(z) +v(y)

|z + y| < max(|z], [y[) v(z +y) 2 min(v(z), v(y))

|z| = b~ v

|- v(x) = —logy(z) where |[K*| ={b" :n € Z}

In practice, there is often a usual choice for b for a given valuation. For example, the p-adic
absolute value and p-adic valuation on Q are traditionally related by the choice of b = p.
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6.1.2 Completions

Definition 6.1.11. Let K be a field with an absolute value |-|. A Cauchy sequence with
respect to the absolute value is a sequence (a,) with a,, € K such that for every € > 0, there
exists N > 0 such that for 7,7 > N,

\ai—aj| <€

This generalizes the usual notion of Cauchy sequences in Q or R, just by replacing the usual
absolute value with any absolute value function.

Definition 6.1.12. Let K be a field with an absolute value |-|. K is complete with respect
to | - | if every Cauchy sequence in K has a limit in K.

Lemma 6.1.13 (Gouvea [5] 3.2.3). The field Q is not complete with respect to any of its
nontrivial absolute values.

Theorem 6.1.14. Let K be a field with an absolute value | - |. There erists a unique up to
isomorphism field K which is an_extension of K, with an absolute value on K extending the
absolute value on K, such that K s complete with respect to the absolute value.

Proof. This is just a sketch. Consider the set of Cauchy sequences in K. They can be
added, subtracted, and multiplied point-wise. Consider two sequences to be equivalent if
their difference approaches zero. Then set K to be the set of equivalence classes of such
sequences. Note that nonzero classes in K can now be divided point-wise, since a nonzero
Cauchy sequence is eventually bounded away from zero. K embeds into K by taking an
element z to the constant sequence (z,x,z...). The abolute value on K can be extended to
K by setting
[(a)| = lim |a,|
n—oo

We leave it as an exercise to verify that this makes sense and extends the absolute value.
The trickiest part is to verify that K is complete with respect to this absolute value, which
requires some careful working through definitions, but nothing too difficult. O]

If we take K = Q with the usual archimedean absolute value, then we get K =R.

Definition 6.1.15. The completion of Q with respect to the p-adic absolute value is denoted
Q,. Note that if p, ¢ are distinct primes, then Q, and Q, are not isomorphicﬂ but this will
take some work to show (see Proposition [6.2.17]).

6.1.3 Extending complete absolute values

Proposition 6.1.16. Let K be a complete nonarchimedean discretely valued field, and let
L/K be a finite extension, with n = [L : K]|. Then there is a unique absolute value on L
extending the absolute value on K, such that L 1s complete with respect to the absolue value.

Ezxplicitly,
2], = | N ()] )"

Furthermore, the valuation ring Oy, is the integral closure of O in L.

LObviously they are not isomoprhic as valued fields since they have distinct residue fields, but even more,
they are not isomorphic just as abstract fields.
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Remark 6.1.17. By the above, if L/K is Galois and «, o’ € L are Galois conjugates, then
la|p = ||, since a, & have the same norm.

Remark 6.1.18. Let K be a complete valued field as in the previous theorem. Since the
algebraic closure of K is the union over all finite extensions of K, using the previous theorem,
we can extend the absolute value on K uniquely to the algebraic closure. (This can also be
done for the separable closure if that is desirable.) However, this does not tell us that the
algebraic closure is complete with respect to the extended value, and usually it is not. We

now have processes
K~ K K~ K22

both with unique extensions of the absolute value. So we can do things like

—— alg

K~ K~ K38 oo Kol s K2z s

which in principle may never terminate, since after taking the completion, we may not have
an algebraically closed field, and after taking the algebraic closure, we may not have a
complete field.

For example, the algebraic closure of QQ, is not complete with respect to to the extended
absolute value (assertion without proof here, not obvious). However, it is a theorem (cita-
tion?) that if you form the completion of @glg with respect to its absolute value that the
resulting field is algebraically closed in addition to being complete. That is, starting with Q
with p-adic absolute value, the above process terminates after

—

1 1
Q~ Q> Q% ~ Qp°

since this completion is algebraically closed, taking the algebraic closure does nothing.

6.1.4 Hensel’s lemma

Proposition 6.1.19 (Hensel’s lemma, version 1). Let K be a complete nonarchimedean
discretely valued field, with associated local ring (O, m), and residue field k = O /m. Let
f € Oklz], and suppose there exist g1, h1 € Oklx] with g1 monic and ged(gr, h1) = 1 such
that

f = g1h € k7] (equivalently f = g1hy mod m)

Then there exist g,h € Oglx] such that g is monic, § = §,,h = hy, and f = gh. That
18, factorizations of polynomials over k lift to factorizations over Ok, provided there are no
common factors and one is monic.

Remark 6.1.20. This is hardly worth stating, but the “converse” of Hensel’s lemma is
obvious. If f factors in in Og[z], then applying the quotient map Ox — Ok/m to the
coefficients gives a factorization in k[x].

Remark 6.1.21. In particular, we care about the case K = Q,, Ox = Z,,m = pZ,, k = TF,,.
In this case, Hensel’s lemma says that if a polynomial f(z) € Z,[x] has a factorization mod p
into relatively prime factors, then that factorization comes from a factorization in Z,.
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In particular, Z C Z,, and this is where Hensel’s lemma is often applied, at least in
examples. Suppose we want to know if some polynomial equation f(z) = 0 with f € Z[z]
has a solution in Q, or Z,. If we find a factorization of f with a monic, non-repeated linear
factor (z — a) where a € F,, then that factorization lifts to a factorization of f in Z,[z] so
there is a lift of & € Z, so that @ = a and f(a) = 0. The next corollary says this more
precisely.

Corollary 6.1.22 (Hensel’s lemma, version 1, for Q,). Let f(z) € Z,[z]. If
has a simple root a, that is, there exists a € F, such that f(a) =0 and f'(a) #
exists a unique o € Z, such that f(a) =0 and @ = a.

f(x) € Fyla]
0, then there

We also need another version of Hensel’s lemma at one point later.

Proposition 6.1.23 (Hensel’s lemma, version 2). Let K be a complete nonarchimedean
discretely valued field, with associated local ring (Ok,m). Let f(x) € Oklx] be monic.
Suppose a € O such that

fla)#0 ()] <|f'(a)l?
Then there exists a unique o € Ok such that f(a) =0 and

f(a)
f'(a)

la —al <

Proposition 6.1.24. Let p be a prime.
1. Ifp >3, then: w € Z,; is a square <= u € F is a square.
2. If p=2, then: u € Z; is a square <= u =1 mod 8.

Proof. (1 = ) Ifu=a”€Z,thenu=a"€F}. (1 <= ) Suppose & = a* € F,. Consider
f(z) = 2* —u € Z,[z]. Then

fl@)=2>-u=2>—a*= (v —a)(x+a)

Note that f’(a) = 2a # 0 since p > 3, so we can apply Corollary [6.1.22] to conclude that
there is a root « € Z, of f, so u = o? ( ) Omitted. O

6.2 Q, and Z,

Definition 6.2.1. Let a,b € Q,. We say a,b are congruent mod p" if
la—bl, <p™
This extends the usual notion of congruence mod p” from Z.

Proposition 6.2.2 (Gouvea [0] 3.3.4). The ring Z, is a local ring with principal ideal pZ, =
{r € Q,: |z|, < 1}. Furthermore,

1. QNZy=Zp ={2€Q:ptb}
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2. The inclusion Z — 7Z, has dense image. In particular, for x € Z,, and n > 1, there
exists « € 2,0 < a < p" — 1 such that |z — o < p™", and such « is unique.

3. For any x € Z,, there exists a Cauchy sequence o, converging to x, such that o, €
7,0 < o, < p" —1, and for every n we have a,, = a,,_1 mod p"~t. Furthermore, the
sequence () with these properties is unique.

Proposition 6.2.3 (Hensel’s lemma for Q,). Let f(x) € Zy[z]. Suppose a € Z,, such that
fla)=0modp  f'(a) Z0mod p
Then there exists a unique b € Z,, such that
f(b)y=0 a=bmod p

Remark 6.2.4. A p-adic integer x € Z,, has a unique expansion

o0

:E:Zakpkzao+alp+@2p2+"‘
k=0

where 0 < a; <p—1. It is a unit (is in Z)) if and only if ao # 0.

Lemma 6.2.5. The inclusion Z — 7, has dense image. That is, if x € Z,, and n > 1, there
exists « € Z with 0 < o < p" — 1 such that |x — al, < p~™".

Proof. Using the expansion of above, write x = ag + ai;p + asp® + - - -, then set a = ag +
aip+ -+ ap_1p"t. Then it is clear that 0 < o < p” — 1 and using the nonarchimedean
triangle inequality we get

|2 = alp = lanp" + anpap™™ + - |p < maxagp’| = |p"| = p~

6.2.1 p-adic units Z;

Remark 6.2.6. From the previous unique description via expansions, it is clear that the
following sequence is exact.

0—p"Zy—Zy,— Z/p"Z — 0
where the right map is the “truncation” map
ag+ arp+ap? + - ag+ap+ -+ app" !

Thus from the first isomorphism theorem we obtain

Z,/0"T, 2 2/5'T
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More generally, for m < n we have a truncation map p™Z, — Z/p" ™Z with kernel p"Z,
fitting into an exact sequence

0—p"Z,—p"Z, —Z/p" "L —0

inducing an isomorphism
P" Ly p" Ly = L[p" "L

The first version was just the case m = 0.
Definition 6.2.7. Let Uy = Z, and for n > 1, set
w=14p"Zy = {1+ ap" + anp"' +--- € L)}
Note that U, is a subgroup of Z, and that there is a filtration
ZX D1+ ply>1+p°Ly,D - U>U DUy D ---

Lemma 6.2.8. There are exact sequences

1 —— 14 pZ, - /. mod b » (2/pZ)* —— 1
1 —— 1+p"Z, - > L) mod " > (Z/p"Z)* — 1

1 —— 1+ "7, —— 1 4 prg, —reemedp

> 2/p7 — 1

P| for n > 1 which induce isomorphisms
Uo/Ur = (Z/pZ)"  Up/Un = (Z/p"2)"  Un/Unis = Z/pL

Proof. Exactness is obvious by inspection, and the isomorphisms are immediate from the
first isomorphism theorem. O

Definition 6.2.9. For xz € Q,, the p-adic exponential function is

oo n

x
exp(z) = Z )
n=0
and the p-adic logarithm is
o0 xn
log(1+2) = > (-1 5
n=1

Note that at this point, these are both formal power series, but the next lemma determines
their respective domains of convergence.

2The first sequence is redudant, as it is a special case of the second, but we include it anyway.
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Lemma 6.2.10. Let f(z) =) " a,2"™ € Qy[[z]]. Define
Tf = (hm sup ’an&/n)*l
Then f(x) converges for |x|, < r; and diverges for |x|, > ry.

Proof. Proposition 4.3.1 of Gouvea [5]. Gouvea also gives a criterion for convergence on the
“boundary” |x|, = r; which is not included here. O

Lemma 6.2.11. The p-adic logarithm and exponential have the following properties.

1. For f(x) =log(l+x), ry = 1, so the domain of log(1 + ) is pZ, and the domain of
log(x) is 1+ pZ,.

2. For f(z) = exp(z), ry = p~ /P~ s0 the domain of exp(x) is

pZ, p=>3
422 p:2

3. Whenever there is convergence, the following identities hold.

log(ab) = loga + logb
exp(a +b) = (expa)(expb)
exploga =a

logexpa = a

Proof. Section 4.5 of Gouvea [5]. In particular, Lemma 4.5.1, Proposition 4.5.3, Lemma
4.5.5, Proposition 4.5.7, Proposition 4.5.8 O

Proposition 6.2.12. If p > 3, then we have isomorphisms

Zpgpzp—>1+pz =0
log

In the case p = 2 we have isomorphisms

exp

Z 1+ 475 = U,

2 = = 422 (_
log
Proof. The isomorphisms given by exp and log follow from the previous lemma [6.2.11} The
isomorphism 7Z, = pZ, is given by z +— pz, and similarly Z, = 4Z, via x +— 4x. See
Proposition 4.5.9 of Gouvea [5] for more on this. O

Remark 6.2.13. Let p be odd. Under the isomorphism log : 1 + pZ, — pZ,, the subgroup
U, =1+4p"Z, C 1+ pZ, on the left side has image p"Z, on the right side, so the p-adic
logarithm gives an isomorphism

U,=1+4+p"Z, = p"Z,

195



Proposition 6.2.14 (Structure of Zx).

e [U X @B =2, x @y p>3
P U2 X (Z/4Z)X = ZQ X {:l:l} p = 2

Proof. In light of the isomorphisms from Proposition [6.2.12] the first and second exact
sequences of Lemma give exact sequences below.

0 — Z, 22U, —— Z, > (Z/pZ)* —— 0 p>3

0 — Zy=Uy —— Z; » (2/4Z2)* = {£1} — 0

We claim that these are split exact. For the p = 2 sequence, simply use the embedding
{£1} > Z* - Z5

Splitting of the other sequence is more involved, so we omit some details. Basically, it suffices
to find (p — 1)st roots of unity in Z, since (Z/pZ)* is cyclic of order p — 1.

Counsider f(z) = aP~' — 1 € Z[z] C Zy[z]. Over F,, this splits completely into p — 1
distinct linear factors, and the derivative is f/(x) = (p — 1)2?~2 # 0, so by Hensel’s lemma,
all of the simple roots lift to roots in Z,. Thus Z, contains all (p — 1)st roots of unity.

See Corollary 4.5.10 of Gouvea [5] for some more details. Once the sequences split, we
obtain exactly the claimed isomorphisms. O]

Corollary 6.2.15 (Structure of Q).

7 x T, x (Z/pZ)< p>3

XL XL =
© b {Z><Z2><(Z/ZLZ)X p=2

Proof. Any element of Q) can be written uniquely as p"u where u € Z;

» > SO we get an
isomorphism

Q - Zx1Z, plu— (n,u)

The rest is immediate from the structure of Z;. O]

6.2.2 Completions of (Q are non-isomorphic

Remark 6.2.16. From the structure of Q, given in Corollary 6.2.15L and the fact that Z
and Z, are torsion-free, the torsion subgroup of Q, is (Z/4Z)* and for p > 3 the torsion
subgroup of Q) is (Z/pZ)*. That is to say, the only roots of unity in Q are &1, and for
p > 3 the only roots of unity in Q) are (p — 1)st roots of unity.

Proposition 6.2.17. The fields R, Qq,Q3,Qs, ... are all pairwise non-isomorphic (as ab-
stract fields).

Proof. According to the following table comparing the torsion subgroup of the multiplicative
group, none of R, Qq, Q3 is isomorphic to Qs5, Qs, ... and none of Qs5, Q7, ... are isomorphic
to each other.
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K Torsion in K*

R 7]27 = {x1}
Q. 727 = {+1}
Qs Z/22 = {£1}

Qpp=5|Z/(p—1)Z

So it remains to check that R, Qq, Q3 are pairwise non-isomorphic. For this, we consider the
invariant K> /K*2.

K ‘ KX/KXQ ‘ ’KX/KXQ’

R | R/Ryy=7Z/27 2

Qo | (Z xZoy x ZJ27) )2 = (Z)27)3 | 8

Qs | (Z xZs x ZLJ27) /2 = (Z)27)? | 4

Note that Z3/2 = 0 because 2 is a unit in Zj. Since these are all distinct, none of these are
isomorphic either. O

Remark 6.2.18. Let p be an odd prime. One interesting consequence of |Q /Q;2| =4is
that Q, has exactly three quadratic field extensions (in a fixed algebraic closure), because
any quadratice field extension is formed by adjoining a square root of a non-square.

6.2.3 The group of units (Z/p"Z)* is cyclic

Proposition 6.2.19. Let p be an odaﬁ prime and n € Z>1. The group of units (Z/p"Z)* is
cyclic.

Proof. By Lemma [6.2.8
(Z/p" L) = Ly [Un = Ly [ (1 + p"Zip)

Using Proposition [6.2.14
Zy = U, x (Z/pZ)*

Since U, C Uy, in the quotient Zx /U, = (Uy x (Z/pZ)*)/U, the U, lives entirely in the U,
component, so

Ly [Up = (Uy X (Z[pZ)*)[Un = (Ur/Uy) x (Z/pZ)”
By Remark 6.2.13, U,, = p"Z,, so

Uy /U, =

1+ pZ, ~ DLy, ~ Z/p”_lZ
1+p"Zy, pZ,

The final isomorphism comes from Remark Putting this together, we obtain
(Z/p"Z)* = U, U, x (Z/pZ)* =2 Z/p" 7 x (Z/pZ)*

Since (Z/pZ)* is cyclic of order p — 1, the product on the right is a product of cyclic groups
of relatively prime orders, so it is cyclic. O]

3This does fail for p = 2 for at least some values of n. As a counterexample, (Z/8Z)* is order four, but
not cyclic, since 32 =52 = 72 = 1 mod 8.
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6.3 Ramification

Definition 6.3.1. Let K be a complete nonarchimedean discretely valued field, and L/K a
finite extension. Let ki be the associated residue field of K and kj the associated residue
field of L. Note that O C Or and mg C my, hence

k’K;)k’L

The residual degree is
FILIK) = fg = [k : ki)

Definition 6.3.2. Let K be a complete nonarchimedean discretely valued field, and L/K a
finite extension with d = [L : K|. Let vg : K* — Z be a normalized discrete valuation. Let
vr : L — R be the extension of vk, and the we know that

imv;, C =%

d
so vy, is also discrete. The ramification degree is
e(LIK) = e = eric = [vo (L) : vic(K™)]

That is, if 7x is a uniformizer for K and 7, is a uniformizer for L, then

(ex) = (m)

as ideals of Oy.

Definition 6.3.3. Let L, K, er /i, [1/Kk be as above. If e/ = 1, then L/K is unramified.
if fr/xk =1, then L/K is totally ramified.

Proposition 6.3.4. Let K be a complete nonarchimedean discretely valued field, and let
L/K be a finite separable extension, with extended absolute value, such that the valuation on
L is also discrete. Then Oy is a free Ox-module of rank [L : K].

Proposition 6.3.5. Let K be a complete nonarchimedean discretely valued field, and L/ K
a finite extension, with extended absolute value. Assume that the residue fields kg, k; are
perfect. Then

[L: K]= er/kfL/K

Proof. Let d = [L : K|. By Proposition O = 0% as an Og-module. Let mx, 7 be

uniformizers, that is,
(k) = kO =mg (7)) =7, 0L =my

Then
OL/T('KOL = (’);l(/m@d = (OK/WKOK)d = (kK)d
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Recall that by definition of e = ey /k, (mx) = (7}). Consider the filtration

OL D WLOL D) W%OL D e D WEOLiTFkOL
(7z) (77) (77) = (1)

Recall that by definition of f = fr,x, we have k, = kf( At each step of the filtration, we
have

T Ok /7 0L = O /7O = kyp = k.
Since there are e steps in the filtration, and each step has successive quotient k,f , in total we
have

OL/mxOp = (k?{<> = kgl
Since this quotient is also k%, we get d = ef as desired. O]

Proposition 6.3.6. The indices e, f are “multiplicative in towers.” More precisely, let K be
a complete nonarchimedean discretely valued field, and let K C L C M be a tower of finite
extensions. Then

ek =epex  fx =[1k
Proof. For f, this just follows from the tower law for field extensions.
& = [kar s k] = [kar 2 kelke s ki) = f17 fag

The result for e could probably be proved directly, but it also follows using the tower law
for f, the tower law for K C L C M, and the previous result [L : K| = ek fE.

G%Z[M:K]_[M:L][L:K]:<[M:L])({L:K]) VoL

¥ il fi i &

]

Example 6.3.7. Let K = Q5 and L = Q5(v/2), so [L : K] = 2. Normalize the discrete
valuation on K so that vg(K*) = Z and v.(L*) = LZ. Note that

NEW2) =V2(—V2) =2

SO
V2, =27 =1

s0 v/2 € O;. Thus there is an element of the residue field k;, = O /my, which is a root of
22 —2. Since z? — 2 is irreducible over kx = [F5, the extension kr/kk has degree greater than
1, that is, f > 1. Since ef = 2, this forces f = 2,e¢ = 1. Hence Q5(\/§) is totally unramified

over Q5.

Example 6.3.8. Let K = Qs and L = Q5(v/5), so [L : K] = 2. Normalize the discrete
valuation on K so that v (K*) =Z and vy (L*) = 1Z. Then

e

1= u(5) = 200(v5) = we(vE) =

Thus e > 2,50 f = 1,e = 2, and v/5 is a uniformizer.
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Example 6.3.9. Let K = Q3 and L = Q3(+/2,¢) where ( is a primitive 3rd root of unity.
Note that [L : K] = 4.

Q3(V2,¢)

Qs(¢ 5(V2)

Q
\ /
Note that ¢ is a root of 22 + z + 1 over Q3. By a similar argument as in Example

V3
egz( ) — 1 f@%(f)

Regarding Q3((), we observe that
Prrtl=(--C) = 3=(C-DE-1)
= vgy(3) = 1=vr(¢ —1) +vr(¢* — 1)

Since ¢ — 1,(? — 1 are Galois conjugates, they have equal valuation. Hence

vr((—1) =3
SO
(C)Q3 -9 st(C)

Returning to our original diagram, we can write in the ramification and residual degrees
we computed. Since all the extensions are degree 2, we can also deduce ramification and
residual degrees for the upper extensions and the total extension L/K by multiplicativity in
towers.

Qs(v2,¢)

627 ﬁfﬂ
elk /2101

By multiplicativity in towers,
L _ L __ 9
ex = f¥ =

6.4 Galois-type correspondence for unramified extensions
Proposition 6.4.1. Let K be a complete nonarchimedean discretely valued field, with perfect

residue field kx. For a finite unramified extension L/K, by the primitive element theorem
we can write L as L = K(«a) for some o € L. Define

ki = k(@)
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This qives an inclusion-preserving bijection

U : {finite unramified extensions of K} — {finite extensions of kx}
Furthermore, if L/K and L'/ K are finite unramified extensions, there is an isomorphism

Hompg (L, L") — Homy,, (kr, kr/)
¢ — ¢lo, mod mg

That is, the bijection ¥ is actually an equivalence of categories.
Proof. Theorem 7.50 of Milne [7]. O
Proposition 6.4.2. Let K be as above, and let L/ K be a finite unramified extension. Then

Aut(L/K) = Aut(kL/kK)
Thus L/K is Galois if and only if ki /kx is Galois and in this case,

Proof. A finite extension L/K is Galois if and only if K is the fixed field of Aut(L/K). By
the equivalence of categories above, Aut(L/K) = Aut(ky/ki), and K is the fixed field of
Aut(L/K) if and only kg is the fixed field of Aut(k/kk). O

Example 6.4.3. Let p be a prime, and let K be a complete local field with residue field
krx = TF,. E] Since F, has a unique finite extension of degree n for each n € Z>,, K has

a unique unramified extension L, of degree n for each n € Zs;. Concretely in the case
K = Q,, we have

Ly = Qp(ppn—1)
where fi,n_q is the group of p" — 1 roots of unity. To point out the blatantly obvious, L,
corresponds to the extension F,. /F,, and

Gal(L,/K) = Gal(F,. /F,) = Z/nZ

Proposition 6.4.4. Let K be a complete nonarchimedean discretely valued field, with per-
fect residue field ky, and let L/K be a finite separable extension. There ezists a unique
subextension K™ such that L/ K™ is totally ramified and K" /K is unramified.

L
f=1|totally ramified

Kun

unramified

K

e=1

4For concreteness, take K = Q, or K = F,n((t)), the field of formal power series. Actually, there is a
classification theorem to say that all such nonarchimedean fields are a finite extension of one of these two

types.
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K™ s called the mazimal unramified extension of K in L. If L/K is infinite, we
may still find a mazimal unramified extension K™ /L, in the sense that for any unramified
extesion E/K, E C K, although we can no longer guarantee that L/K"™ is totally ramified
in this case.

Proof. First, assume L/K is finite. Since k;,/k is a finite extension, by the Proposition[6.4.1]
there exists a unique unramified extension K" /K such that k; = kguw. By multiplicativity
in towers, fE. = 1.

Now suppose L/K is infinite. Then we construct K" as the compositum of all finite
unramified extensions £/ K, noting that the compositum of unramified extensions is unram-
ified. Then by construction, K" contains all unramified extensions of K. O]

Example 6.4.5. Let K = Q3, L = Q3(1/2,¢) where  is a primitive 3rd root of unity. We
considered this example previously in Example 6.3.9) and saw that Qs(1/2) is the maximal
unramified subextension.

Definition 6.4.6. Let K be a complete nonarchimedean local field with perfect residue
field kx [} and fix a separable closure K*P. Then by Proposition there is a maximal
unramified extesion K" C K*%, called the maximal unramified extension of K. By
construction an intermediate extesion K C E C K*%? is unramified if and only if £ C K"

6.5 Assorted exercises from Gouvea [5]

Proposition 6.5.1 (Exercise 113 of Gouvea [5]). Let p be a prime and m an integer such
that gcd(m,p) = 1. Then ged(m,p — 1) > 1 if and only if there exists o € Z such that
a™ =1mod p and a £ 1 mod p. Furthermore, for any such «, the least integer m such that
o™ =1mod p is a divisor of p — 1.

Proof. ( = ) Note that F) = Z/(p — 1)Z so if d = ged(m,p — 1) > 1, then F has a
subgroup of order d. Let a € Z be a representative of the generator of the subgroup of order
d, so that a? = 1 mod p. Then

a™ = (ah)™d = 1"/4 = 1 mod p

and o Z 1 mod p since o generates a nontrivial subgroup.

( <= ) Suppose « exists. Then a generates a nontrivial proper subgroup of F)* of order
dividing m, so that order divies m and p — 1, hence ged(m,p — 1) > 1.

Regarding the “furthermore” statement, the least m such that o = 1 mod p is the order
of the subgroup of F; generated by « so it divides the order of F)* which is p — 1. ]

Proposition 6.5.2 (Exercise 126 of Gouvea [5]). Let p be an odd prime andn € {0,1,...,p — 2}.

Then
Z " =0

z€lF,

5Is this necessary? Milne [§] includes it in Corollary 7.52, so I've kept it.

202



Proof. For n = 0 this is clear, assuming we take 0° = 1. For n # 0, we can rewrite the sum
as a sum over F . and it becomes a geometric series. Let o be a generator of F, so that

P~ =1. . "
p—1 p—1 _
1— (am)pt 0
n __ kxn __ n\k _ . n _.n _
Zx —Z(a) = (@) =« <—1—a” )—a (1—04”)_0

O

Proposition 6.5.3 (Exercise 161 of Gouvea [3]). If p is an odd prime, then log,(x) = 0 if
and only if x = 1. If p = 2, then log,(z) = 0 if and only if v = £1.

Proof. Let p be an odd prime. First, it is clear that log,(1). Conversely, for y € Z,,

[e.e]

i
log,(1+py) = Y (~1) “gy
n=1

(This converges for y € Z,.) By Strassman’s theorem, this has at most N zeroes where
N =1 because

1
|6L1|— > |CL2|, |6L3|, RN
D

using the fact that p > 2. So 1 is the only zero of log,. Now consider the case p = 2. Tt is
clear that log,(1) = 0. Also

21og,y(—1) = logy((—1)%) = log,(1) = 0 = log,(—1) =0

Consider the “same” power series as above

2 22 23
logo(1+2y) =y — —* + =9* — - -
0ga(1+2y) = 7y = 5y + 3y
Applying Strassman’s theorem again, we get NV = 2 so there are at most 2 zeroes of this, so
+1 are all of the zeroes. O

6.6 A concrete failure of the Hasse principle

The Hasse principle asserts that “global” information is related to “local” information, in the
sense that existence of solutions in Q to some equation are related to existence of solutions
in all local field completions of QQ, namely Q, for all p and R. This is exactly true in the case
of quadratic forms - the Hass-Minkowsi theorem says that a quadratic form has a solution
in Q if and only if there is a solution in every @, and a solution in R. However, it fails for
higher degree forms, as given by the following example.

Lemma 6.6.1. Let p be an odd prime, and let a,b be quadratic non-residues mod p. Then
ab is a quadratic residue mod p.
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Proof. If a, b are both non-residues, they both represent the same nontrivial class in F; / IF;Q =
7,/27 (this isomorphism uses the fact that p—1 is even). Then ab represents the trivial class,
that is, ab € F*. O

Proposition 6.6.2. The equation
(2% = 2)(z* = 17)(2* — 34) =0
has a root in Q, for all primes p and in R, but no root in Q.

Proof. Tt is clear that there is no root in Q, since 2,17, and 34 are not squares, and it is
clear that there are roots in R. Since 17 = 1 mod 8, by Proposition [6.1.24] there is a root of
2?2 — 17 in Q,.

Now let p be an odd prime. It suffices to show that at least one of 2,17, 34 is a square in
Q,. By Proposition if u € Q) is a quadratic residue mod p, then it is a square in Q.
If either 2 or 17 is a quadratic residue mod p, we are done. If both are non-residues, then
by Lemma then 34 = (2)(17) is a quadratic residue, so it is a square in Q,. O

Remark 6.6.3. The proof of the previous proposition actually yields an infinite family of
equations for which the Hasse principle fails. For any prime of the form p = 8k 4 1, and the
proof above shows that

(2 = 2)(z* = p)(a® —2p) = 0

has a solution in every @Q, and in R but no solutions in Q.
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